UNIT 111 APPLICATIONS OF PARTIAL DIFFERENTIAL
EQUATIONS

3.1 ONE DIMENSIONAL WAVE EQUATION

One Dimensional Wave Equation:

o'u L, 0%
_2 = aXZ

h 4

Vibrations of a string

A 4

A4

Zero Initial velocity

Hint:

1) Velocity will not be given in the question
2) The word released from the rest will be there

in the question

A 4

A 4

Non Zero Initial velocity
Hint:
1) Velocity will be given in the question
2) The word initially at rest will be there in
the question

A 4

The Boundary and Initial “Y The Boundary and Initial
conditions are: conditions are:
i) ¥(0,1)=0 i) »(0,/)=0
i) y(1,)=0 i) ¥(1,1)=0

X i) y(x,0)=0
i %(x,0)=0 —— )g(r ‘

x=0 = . Vo oy "

V) 1(x.0)= f(x), 0<x </ iv) E(A,O)—j(x), 0<x</

A 4

y(x,t) — The dis

The Correct (or) Suitable Solution is

y(x,1) = (Acos px+ Bsin px)(C cos pat + Dsin pat )

o? oy

1) In the wave equation 8t_ =C? = what does C? stands for?

Solution:

. . . ..au
One dimensional heat equation is % =C"—

2 aXZ !

, 0u
ox?

C2= T/m, where T is the tension and m is the mass of the string.
2) Write all possible solutions of the transverse vibration of the string in one dimension.

Solution:



(i) Y(X ,t)z (Aepx+ Be"”‘) (Cepat_,_ Defpat)

(i) y(x,t) = (A cospx + Bsinpx) (C cospat + Dsinpat).
(iii) y(x,t) = (Ax +B) (Ct + D

PART -B

A uniform string is stretched and fastened to two points 'I' apart. Motion is started by displacing
the string into the form of the curve y =kx(l —x) and then releasing it from this position at time

t = 0. Find the displacement of the point of the string at a distance x from one end at timet.

Solution:
. . .0 0°
One dimensional wave equation is —2y =a’ —Z where a* = T
ot OX m
The correct solution is
y(x,t) = (Acos px+ Bsin px)(Ccos pat + Dsin pat) ————— @

The Boundary and Initial conditions are

) y(0.)=0

i) y(l,t)=0

iii) %(X,O) =0

iv) y(x,0)=f(x)=kx(I—x), O<x<l

Applying condn (i) in (1)

1) = y(0,t) = (Acos0 + Bsirt0)(C cos pat + Dsin pat)
0=(A)(Ccos pat + Dsin pat)

Here (Ccos pat + Dsin pat) =0 ..|A=0

Sub A=0in (1)

@D = y(x,t) =(Bsin px)(Ccos pat + Dsin pat) ————— 2




Applying condn (ii) in (2)
y(I,t) = (Bsin pl)(C cos pat + Dsin pat)
0=(Bsin pl)(Ccos pat + Dsin pat)

Here B0, (Ccos pat + Dsin pat) =0

: . . nm
~.sinpl =0 =sinpl=sinnt = pl=nt = p:l—
Sub the value of p in (2)
2= y(x,t):(Bsin%xJ(Cccs@H Dsin@t) ————— )

Diff (3) partially w.r.to ‘t’

@)= %(x,t) =(Bsin$xj[—05in e X(@j* DCOS@”(@H

Apply condn. (iii) in the above equation

oo o (7]
oo o)

. N n
Here BiO,SInl—nX;tO,ILaiO,

Sub the value of D in (3)
)= y(x,t)=(Bsin$xj(Ccos@t+0j

y(x,t) =BCsin %xcos@t




y(x,t) = blsin$xcos$t let BD =bh,

The most general solution is

Y(x,t)=2bnsinnl—nxcos$t _____ (4)
n=1

Applying condn (iv) in (4)
y(x,0)=>b, sinnl—nxcoso
n=1
f()=3b, sin%x +cos0=1
n=1
Which is half range Fourier sine series in (0,1)

|
b, =|3jf(x)sin$dx
0

|
=|3jkx(| -x)sin@dx
0

3
= |_:3—kls[005 nm—cos0]
T
—4KI? n
= LD




0 if nis even
b, =1 8kI?

! 5 if n is odd

Sub b, in (4)

y(x.1) = i

sm—xcos—t

8k| Z 1 . (2n 1)71: S(2n—1)7tat

3
n=1 n

(or) y(x,t) =

A string of length 2l is fastened at both ends. The midpoint of the string is displaced transversely through a
small distance ‘6> and the string is released from the rest in that position. Find an expression for the
transverse displacement of the string at any time during the subsequent motion.

Solution:

. . .. 0? 02
One dimensional wave equation is 6t_2y =a’ ax_zl where a* = T

3

The correct solution is
y(x,t) = (Acos px + Bsin px)(Ccos pat + Dsin pat) ————— @ 4
The Boundary and Initial conditions are y (i b)

Assume 2I=L

i) y(0,t)=0 .
0(0,0) B(L.,0)

i) y(L,t)=0
i) %(X,O) =0

iv) y(x,0)=f(x)="?
To find f(x):

The equation of line joining two points is




X=X _ Y-V,
X, =% Yo=Y

Eqution of OA is O(0,0)& A(l/2,b):

x-0_y-0_ 2x_y :>y=2—bx, 0<x<t
L o b-0 L b L 2
Eqution of AB is A(L/2,b)&B(L,0):
y L 2x—L
2=y—b:> 2 _y—b: 2x—L:y—b
L—L 0-b L -b L —b
2 2
—2xb+1b=yl—Ib

—2xb+Lb+Lb=yL =-2xb+2Lb=yL
2b L

=—(L-X), —<x<L

y=7 (=% 3

2—bx, 0<x<E

L 2

2—b(L—x), L<x<L
L 2

Applying condn (i) in (1)

(1) = y(0,t) = (Acos0+ Bsir0)(C cos pat + Dsin pat)

0=(A)(Ccos pat + Dsin pat)

Here (C cos pat + Dsin pat) =0 ..

Sub A=0in (1)

@D = y(x,t) =(Bsin px)(C cos pat + Dsin pat)

Applying condn (ii) in (2)




y(L,t) =(Bsin pL)(C cos pat + Dsin pat)
0=(Bsin pL)(Ccos pat + Dsin pat)

Here B=0, (Ccos pat + Dsin pat) =0

~sinpL=0 =sinpL=sinnt = pL=nt =|p=—

Sub the value of pin (2)
@)= y(xt) :(Bsin@xj(cxos@t + Dsin @t) ————— 3)
L L L
Diff (3) partially w.r.to ‘t’
2= Q(x,t) =(Bsinﬂx) _Csin ™y X(@J Dcos@tx[@j
ot L L L L L

Apply condn. (iii) in the above equation

Q(X,O) :(Bsinﬂxj{WJF Dcosox(@ﬂ
ot L L L
Oz(Bsinn—nxj{Dx(mﬂ

L L

Here BiO,Sinn—LnX¢O,n—7|ja¢0, D=0

Sub the value of D in (3)
3= y(x,t)=[Bsinn—:xj(Ccosn—tat+Oj
. nm nma
X,t) = BCsin—xcos—t
y(x.t) 3 1

y(x,t):blsinn—:xcosn—TLwt let BD =D,




The most general solution is

y(x.t) =ansinnTnxcos miat _____ (4)

n=1

Applying condn (iv) in (4)

y(x,O):ansinnTnxcoso

n=1
f()=3b, sin”—L“x +cos0=1
n=1
Which is half range Fourier sine series in (0,1)

L
b, =3jf(x)sin@dx
L) L

N

L 2b L
2|22 nmX nmx TX’ O<x<2
=— _[— S|n—dx+J'—(L x)sm—dx cy=f(X)=
L3 L 2b
5 —(L X), —<x<L
. i}
4b| 3 Nn7mX
=— xsm—dx+ L — x)sin——dx
> j j( )sin ="
2 _
nmx nnx ) |? nmx . NmX
b —C0S—— —smT —C0S—— —smT
= 12 (X) nn _(1) N2 + (L_X) nn _(_1) N2
L 2/ L L2
L
4b L L nnx (2 L x L onnx |
=—1| ——xcos ——sin ——(L—x)cos ——sin
L nw n°w L | nm n°w L L
2




4b| 212 . nn
_F 27'[2 S|n7
8b nm

Sub b, in (4)

= 8b n nnx _ nmat
Lyt =] sm—nsmicos T

~ n’n? L L

=1

Ly(x,t) = 8—zzizsm msm %cos ng?t
:1

This is the required displacement.

A string of length | is fastened at both ends. The midpoint of the string is displaced transversely through a
small distance ‘6> and the string is released from the rest in that position. Find an expression for the
transeverse displacement of the string at any time during the subsequent motion.

Solution:

Replace L by | in the above problem

A tightly stretched string with fixed end points x=0 and x=l is initially in a position given by
y(x,0) = y, sin® T If it is released from rest from this position, find the displacement y at any distance x

from one end any time t.
Solution:

N 07 ok T
One dimensional wave equation is at_zy =a’ —Z where a® = —

3

The correct solution is

y(x,t) = (Acos px + Bsin px)(Ccos pat + Dsin pat) ————— @




The Boundary and Initial conditions are
) y(0,t)=0

i) y(I,t) =0

i) %(X,O) =0

iv) y(x,0) = f(x)=yosin3nTX, 0<x<I

Applying condn (i) in (1)

(1) = y(0,t) = (Acos0 + Bsirt0)(C cos pat + Dsin pat)
0=(A)(Ccos pat + Dsin pat)

Here (Ccos pat + Dsin pat) =0 ..|A=0

Sub A=0in (1)

(@) = y(x,t)=(Bsin px)(Ccos pat + Dsin pat) ————— 2
Applying condn (ii) in (2)

y(I,t) = (Bsin pl)(Ccos pat + Dsin pat)

0=(Bsin pl)(Ccos pat + Dsin pat)

Here B0, (Ccos pat + Dsin pat) =0

~sinpl=0 =sinpl=sinnt = pl=nt = |p=—

Sub the value of pin(2)

(2)= y(x,t)=(Bsin$xj(Ccos$t+ Dsin@t} ————— ©)




Diff (3) partially w.r.to ‘t’

Apply condn. (iii) in the above equation

eo-{om ] oo o 2]
oo ()

Here B:&O,sin%x;«to,ﬁqso,

Sub the value of D in (3)

)= y(x,t)= (Bsin%xj(c cos@t + O]

y(x,t) =BCsin %xcos@t

y(x,t):bpin%xcos@t let BD =b,

The most general solution is

y(x,t):ibnsin%xcosﬁt _____ (4)
=1

Applying condn (iv) in (4)

y(x,0)=>"b, sinnl—nxcoso

n=1

f(x) =ansin$x - cos0=1
n=1

2= %(x,t) =(Bsin$x)[—05in @t X(@j%— Dcos@tx

ol




L g TX O . Nnm
y,sin®—=> b sin—x
I = I

Y, sin —_Zb sm—x sin3e=%[3sine—sin39]

y0{4[35mTX—sm %}} Zb sm—x

%sinﬁ—x—ﬁsinsn _blsml—x+b sm2I +b,sin 3lx+b4sin$+...

Equating co-efficients of likely terms on both sides
b,=Yo :b —0; b,— Yo b, b, —b,..=0.
4 3 4 5 6

Sub these values in (4)

@) =yxt)= bISInTXCOS ? + b,sin ZTX os—lat +b33|n¥cos—37:at+

y(x,t) = 3Ti/f"sinnTXcosnl—at —%sin #cosﬁ

A tightly stretched string end points x=0 and x=l is initially at restin its equilibrium position. If it is set
vibrating giving each point a velocity A(Ix — x*) , then show that the displacement of given string is

3 _ _
y(x,t)=8M4 z 1 sin (2n-1nx sin (2n-Drat .
an” 5 (2n-1) I I
Solution:
2 2
One dimensional wave equation is 6_2y =a’ 6_3/ where a* = T
ot OX m
The correct solution is
y(x,t) = (Acos px+ Bsin px)(Ccos pat + Dsin pat) ————— @

The Boundary and Initial conditions are




) y@O1t)=0
ii) y(I,t)=0

iii) y(x,0)=0

iv) %(X,O) =A(Ix—x%), 0<x<I
Applying condn (i) in (1)

(1) = y(0,t) = (Acos0 + Bsiri0)(C cos pat + Dsin pat)
0=(A)(Ccos pat + Dsin pat)

Here (Ccos pat + Dsin pat) =0 .-

Sub A=0in (1)

@ = y(x,t)=(Bsin px)(Ccos pat + Dsin pat) ————— 2
Applying condn (ii) in (2)

y(I,t) = (Bsin pl)(Ccos pat + Dsin pat)

0=(Bsin pl)(Ccos pat + Dsin pat)

Here B=0, (Ccos pat + Dsin pat) =0

~sinpl=0 =sinpl=sinnt = pl=nt =|p=—

Sub the value of pin (2)

(2)= y(x,t):(Bsin%xj{Ccos@H Dsin@tj ————— ©)

Apply condn. (iii) in the above equation




Q) = y(x,0)=[Bsin$xj(CcosO+pm)
O=(Bsin$xj(c)

Here B:&O,sin%x;to,

Sub the value of Cin (3)

3= y(x,t)=(Bsin$xj(Dsin$t)

y(x,t) = BDsmT Xsin @t

. n n
y(x,t)=blsanxcos|Lat let BD =D,

The most general solution is

y(x,t) = Zb sin 2% xsml—t ————— (4)

Diff (4) partially w.r.to ‘t’

g(x,t) =>'b, sin Ty cos @, [ 7@
ot — | TAE

Applying condn (iv) in the above egn.

%(X,O) =ansin$x cosO{@J
n=1

f(x)= Zb smnnx (nfa) rcos0=1

y(x,0) = B sin— n7X let B, =b, nma
I |




f(x):Zaninnl—nx
n=1

Which is half range Fourier sine series in (0,1)

nmx
—dx

—jf(x)sm

I
Iz_[kx(l —x)sin#dx
0

[0 ]
| _n3n3 | o
= I:z;ﬁ [cosnm—cosO]
ntra —4Al?
bh —= )" -1
" nn® [( )’ J
b — —47u|3[( _1y" _1:|
" nr‘a
0 if nis even
b, ={ g
% if nis odd
n‘n*a
Sub b, in (4)
= 8M® . nrn
X,t) = sin
yoxt) Z n‘r‘a

n=13,5,...

. Nma
— XSINn I—t




g’ 1 . (2n-Dn_ . (2n-Drma
or) y(x,t) = sin xsin t
Ny ="z g(zn-l)‘* |

If a string of length | is initially at rest in its equilibrium position whose ends are fixed and each of its points

I
cx; 0<x<—
is given a velocity v such thatv = | , find the displacement of the string at any timet .
cl-x); =< x<lI
(I-x) 5

Solution:
2 2
One dimensional wave equation is 8—3/ =a’ 8_2/ where a’ = T
ot OX m
The correct solution is
y(x,t) = (Acos px + Bsin px)(Ccos pat + Dsin pat) ————— @

The Boundary and Initial conditions are
) y(0,t)=0
i) y(I,t)=0

i) y(x,0)=0

CX; 0<x<l
iv) %(X,O):

c(I—x);E<x<I

Applying condn (i) in (1)

(1) = y(0,t) = (Acos0+ Bsir0)(C cos pat + Dsin pat)
0=(A)(Ccos pat + Dsin pat)

Here (Ccos pat + Dsin pat) =0

Sub A=0 in (1)




(@) = y(x,t)=(Bsin px)(Ccos pat + Dsin pat) ————

Applying condn (ii) in (2)
y(I,t) = (Bsin pl)(C cos pat + Dsin pat)
0=(Bsin pl)(Ccos pat + Dsin pat)

Here B0, (Ccos pat + Dsin pat) =0

~sinpl=0 =sinpl=sinnt = pl=nt =|p=—

Sub the value of pin (2)
2)= y(x,t):(Bsin%xj(Ccos@H Dsin@t)
Apply condn. (iii) in the above equation
. N .
)= y(x,O):(Bsmej(CcosO+D8n(O)
O=(Bsin$xj(c)
Here B=0, sin%x;«to, -C=0
Sub the value of Cin (3)

)= y(x,1) =(Bsin$xj(Dsin @tj

y(x,t) = BDsin% Xsin @t

y(x,t)=blsin$xcos$t let BD =b,




The most general solution is

Y(x,t):ansin$xsm mrat _____ (4)
n=1

Diff (4) partially w.r.to ‘t’

@(x,t) = ibn sin ™ x cos T (nna}
ot urr | | |
Applying condn (iv) in the above eqn.

@(X,0)=ansinﬂx Cosox(@j

at n=1 I |

f(x)= Zb Smnnx (nrlcaj -rcos0=1
nna

y(x,O):Zanin# let B, =h, .
n=1

f(x) =Zanin$x
n=1

Which is half range Fourier sine series in (0,1)

=—jf(x)5|n@dx
I . I
2|2 o | n7ex cx; O<x<—
=7 jcxsinl—dx+jc(|—x)sinl—dx o f(X) =
0 5 c(I—x);§<x<I

Il
_|r\>
(@]
o'—.m\—

sdex+_[(I —x)sdex

2




2 —COS—— —sin—-— —COS—— —sin——
=—4|(xX 1 +{ (I =x —(-1
1 00| o |0 ||+ 00 o ()]
| |2 6 | 12 .
2
L L
2c | nmx 12 . nmx |2 I nmx 12 . nnx
=4 ——xcos +——sin +| ——(I=x)cos ———sin
[ nmw | nm | o nmw | n°m |

2c |2 12 . nrx |2 T 12 . nrx
== - 0S— +——Sin—+ —L05— +——sin—
| T n°m T 2 n“m 2
2| 21? i N
| | n’=? 2
nma  4cl nmw nra
b, — =——sin— B, =b —
| n°m 2 |
4cl> . nn

b =———sin
" n’rla 2

Sub b, in (4)

2, 4cl? nmx ___ nmat
ACHEDY sm N gin X o 170
=nx 2 I |

sm—sm—cos—

4c|2 i 1 nt . nnx __ nnat
r’a &nt I I

If a string of length of | is initially at rest in its equilibrium position and each of its point is given the
velouty & (x,0) =V, sin’ I , 0<x<I. Determine the displacement function y(x,t).

Solutlon.




N 07 ok T
One dimensional wave equation is —Zy =a’ —2’ where a* = —
ot OX m

The correct solution is
y(x,t) = (Acos px + Bsin px)(Ccos pat + Dsin pat) ————— @
The Boundary and Initial conditions are
) y(0,)=0
i) y(I,t)=0

i) y(x,0)=0

iv) %(X,O)zvosinsnTx, 0<x<I

Applying condn (i) in (1)

(1) = y(0,t) = (Acos0+ Bsirt0)(C cos pat + Dsin pat)
0=(A)(Ccos pat + Dsin pat)

Here (Ccos pat + Dsin pat) =0 .-

Sub A=0in (1)

@ = y(x,t)=(Bsin px)(Ccos pat + Dsin pat) ————— 2
Applying condn (ii) in (2)

y(I,t) = (Bsin pl)(Ccos pat + Dsin pat)

0=(Bsin pl)(Ccos pat + Dsin pat)

Here B0, (Ccos pat + Dsin pat) =0

~sinpl=0 =sinpl=sinnt = pl=nt =|p=—




Sub the value of pin (2)
(2)= y(x,t):(Bsin%xj{Ccos@H Dsin@tj ————— ©))

Apply condn. (iii) in the above equation

. N i
})= y(x,O):(Bsmej(CCOSOJrM)
O=(Bsin$xj(c)
Here B¢O,sin$x¢0, ~1C=0
Sub the value of Cin (3)
3= y(x,t)=(Bsin¥xj(Dsin$t)

y(x,t) = BDsin% Xsin @t

. n
y(x,t)=blsm$xcosliat let BD =D,

The most general solution is

yx)=3b, sin%xsin @t ————— 4)
=

Diff (4) partially w.r.to ‘t’

%(x,t) = gb” sin%x cos@t x(@j

Applying condn (iv) in the above egn.

%(X,O) :ansin$x cosO{@j
n=1




f(x)= Zb Smnnx (nflcaj rcos0=1

= a . nnx
V, sin® z I_ -
n-1

V0{4[3sml—x—sm%}} an i nTX -.-sin3e=%[3sin9—sin36]

n=1

Y, . mx V, . 3nx ma . X 2ma . 21X 3ma . 3mx 4ma

_Sm__ZsmT:blTsmT+b2 sin +Db, sin— +b, —sin

4 I I I | | I

Equating co-efficients of likely terms on both sides

ra 3V, 2na 3ra -V
blT:To,sz:O, bSI_zTo;b4:b5:b6"':0'
VA -V
=—%'p =0 b,=—2:b,=h. =h,..=0|
by 4ma " ? * 127’ " b, =b,

Sub these values in (4)

21X at 3nx 3rat

(4) = y(x,t)= blsmTcos | +bsm I sT +b,sin— I COS——— +....
y(x,t) =—=2 smn—xcosn—m— Vel sm%cos@
| | 2na [ [

47X




