ROHINI COLLEGE OF ENGINEERING ANDTECHNOLOGY

Curl of a vector field

A-dl
We have defined the circulation of a vector field A around a closed path as ? g

Curl of a vector field is a measure of the vector field's tendency to rotate about a point. Curl 4, also
written as v ¥4

Is defined as a vector whose magnitude is maximum of the net circulation per unit
area when the area tends to zero and its direction is the normal direction to the
area when the area is oriented in such a way so as to make the circulation

maximum.

Therefore, we can write:

Curl A=VxA=1lim “—*[?Z-dz]
a5-0 AT
I

To derive the expression for curl in generalized curvilinear coordinate system, we first compute

V% Aausand to do so let us consider the figure 1.20:
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Fig 1.20: Curl of a Vector
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C, represents the boundary of AS | then we can write

iz'dﬂlﬁ'd?«*iidﬂi}dﬂiz'd?
...................................... (1.69)

The integrals on the RHS can be evaluated as follows:

Lﬁ-d?'-(fm. +AG, + AG,) Vi, = A iy
................................. (1.70)

d!;z-d?--[A}x,Av+i(A,h,Av)Aw]
B s s (1.71)

The negative sign is because of the fact that the direction of traversal reverses.
Similarly,

lid?-[MAw%(A,}z,Aw)Av

.................................................. (1.72)
zLE-d?- ~A hw
............................................................................ (1.73)
Adding the contribution from all components, we can write:
ay- ol I d
- (3 4) - (4 | v
e e e o e SO (1.74)
32- ai
VX—A’ -éu- . 1 [a(h:iAv)_a(h?Av)]
Therefore, hhbviw — hyh, av W e (1.75)
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N

VxA)a (VX a
In the same manner if we compute for ( ) ¥ and ) ¥ we can write,

AmA,) a(h,A.)] [a(th) a(lz;A..)] [6(3%) 3(%4)
Py, T by

W

UxA = [
by du

....... (1.76)

This can be written as,

hﬁl ;22&\* h3§W

T T N (1.77)

VXA =
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In Cartesian coordinates: 1'% T TEl e (1.78)
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In Cylindrical coordinates, @ 12 “7¢ T Fl s (1.79)

EC3452 ELECTROMAGNETIC FIELDS



ROHINI COLLEGE OF ENGINEERING ANDTECHNOLOGY

a, rd, rsinéa,
r‘sin@|or 38 a¢
1in 84
In Spherical polar coordinates, iy ry ran | (1.80)

Curl operation exhibits the following properties:

(D Curl of a vedtor field is another vector field.
(n Vx(Z+—B.)=VxZ+Vx§
(i) Vx(VA)=VVxA+VVxA
(i) V.(VxA)=0

(v) VxVV =0

(wi) Vx(Zx§)=ZV -BVA+(B
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Stoke's theorem :

It states that the circulation of a vector field “4around a closed path is equal to the integral of
V%A over the surface bounded by this path. It may be noted that this equality holds provided A

and ¥ %4 are continuous on the surface.

i.e,

?lﬁ'ﬂ-‘[svxz-dg

Proof: Let us consider an area S that is subdivided into large number of cells as
shown in the figure 1.21.
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Fig 1.21: Stokes theorem

Let kth cell has surface area [1Sk and is bounded path Lk while the total area is
bounded by path L. As seen from the figure that if we evaluate the sum of the line
integrals around the elementary areas, there is cancellation along every interior
path and we are left the line integral along path L. Therefore we can write,

foAdisfyxesds (1.84)

which is the stoke's theorem.
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