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CONSTRUCTION OF ANALYTIC FUNCTION
There are three methods to find f(2).
Method: 1 Exact differential method.
(i)  Suppose the harmonic function u(x, y) is given.

Now, dv = v,dx + v, dy is an exact differential
Where, v, and v, are known from u by using C—R equations.
wv=[vedx+ [vdy == [u,dx + {u,dy
(i)  Suppose the harmonic function v(x, y) IS given.
Now, du = u,dx + u,dy-is an exact differential
Where, u, and u,, are known from v by using C—R equations.
u=[u,dx+ [udy
= [vydx + [ —v,dy
= [vydx = [v,dy
Method: 2 Substitution method
f(z) =2u E (z + a),_?i (z — a)] — [u(a, 0), —iv(a, 0)]
Here, u(a, 0), —iv(a, 0) is a constant
Thus f(z) = 2u E(z + a),_?i(z — a)] +C
By taking a = 0, that is, if f(z) is analytic z = 0 + i0,

We have the simpler formula for f(z)
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flz)=2 [ug,%z] +C

Method: 3 [Milne — Thomson method]

(i) | Tofind f(z) whenu is given

Letf(z) =u+iv
f'(2) =u, +iv,
= u, — iv,, [by C—R condition]
~ f(2) = [uy (2,0)dz—i[u,(z0)dz + C [by Milne—Thomson rule],

Where, C Is a complex constant.

(i) To find f(z) when v is

given

Let f(z) =u+iv
f1(2) = uy + ivy
=, +iv, [by C—R condition]
~ f(z) = [v,(2,0)dz+i[v,(z,0)dz+ C [by Milne—Thomson rule],
Where, C is a complex
constant.
Example: 1 Construct the analytic function f(z) for which the real part is
e*cosy.

Solution:
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Given u =e*cosy
= u, =e*cosy [ cos0 = 1]
= U,(z,0) = e*
= u, =e*cosy [+ sin0 = 0]
= Uy(2,0)=0
~ f(2) = [uy (2,0)dz —i [ u,(z,0)dz + C [by Milne—Thomson rule],
Where, C is a complex constant.
“f(z)=[e*dz=if0dz+C
=e?+C
Example: 2 Determine the analytic functionw =u+ivif u=
e**(x cos 2y — y sin 2y)
Solution:
Given u = e**(x cos 2y — y sin 2y)
u, = e?*[cos 2y] + (xcos2y — ysin2y)[2 e?*]
Uy (z,0) = e?’[1]+[z(1) — 0][2e**]
= e?% 4 2ze?*
= (1+2z)e**
u, = e*[—2xsin2y — (y2cos2y + sin2y)]

uy(z,0) = e**[-0—-(0+0)] =0
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~ f(2) = [uy (2,0)dz — i [ u,(z,0)dz + C [by Milne—Thomson rule],
Where, C is a complex constant.
f(2)=[(1+2z2)e**dz—i[0+dz+C
= [(1+ 22)e*?dz+ C

2z 2z
= (1+Zz)67—2eT+C [+ [uvdz = uv; —u'v, + u"vy — -]

2z 2z

=—+ze¥ - eT +C
= ze?2 +C
Example: 3 Determine the analytic function where real part is
u=x3-3xy*+3x*=3y* + 1. [Anna, May 2001]
Solution:
Given u = x3 —3xy?+ 3x%2—3y%2 +1
u, = 3x% — 3y% + 6x
= u,(z,0)=3z2—-0+ 62
u,=0—-6xy+0—-06y
= Uy(2,0) =0
f(2) = [u, (z,0)dz —i [u,(z,0)dz + C [by Milne—Thomson rule],
Where, C is a complex constant.

f(z)=[(Bz*+62)dz—i[0+dz+C
=32 462 4C
3 2
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=z3+3z2+C
Example: 4 Determine the analytic function whose real part in

[Anna, May 1996][A.U Tvli. A/M 2009][A.U N/D 2012]

Solution:

sin 2x

Given u =
cosh 2y—cos2x

__ (cosh 2y—cos 2x)[2 cos 2x]=sin 2X[2 sin 2x]

x [cosh 2y—cos 2x]?

— c0s 2z)(2 cos 2z)—2sin?2z

U, (z,0) = a

[cosh 0—cos 2z]?

__2.cos2z-2cos?2z—2sin?2z
- (1 —cos 2z)?

__2cos2z—2[cos?2z+sin?2z]
= (1 —cos2z)?

__ 2cos2z—2
(1 — cos 2z)2

__ —2(1—-cos27)
(1 -cos2z)?

__2cos2z-2
(1 —=cos2z)

_ -2
2sin?2

= —cosec?z

__ (cosh 2y—cos 2x) (0) — sin 2X[2 sin 2y]

y [cosh 2y—cos 2x]?

= Uy(2,0) =0
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f(2) = fu,(2,0)dz—i[u,(z0)dz + C [by Milne—Thomson rule],

f(z) = [(—cosec?z)dz—i[0dz+ C

=cotz+C

where C is a complex constant.

Example: 5 Show that the function u = %log(x2 + y?#) is harmonic and

determine its conjugate. Also find f(z). [A.U A/M 2008, A.U A/M 2017 R8]

Solution:

Given u = %log(x2 +y2)

(2x) = 5=

Uy =

2 (x2+y2) 2+yz'

Z 1
:>ux(z,0) =Z—2=;

o =
Uy 2x2+y (J’)‘x2+y
= Uy(2,0) =0
uy, = COLE _ e @)
To prove u is harmonic:
S lUpx T Uyy = 0Py — by (1)&(2)

[x2+y2]?

= u IS harmonic.
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To find f(2):
f(2) = fu, (2,0)dz—i[u,(z0)dz + C [by Milne=Thomson rule],
Where, C is a complex constant.
f(2) =f§dz—if0dz+C
=logz+C
Tofindv:
f(2) = log (re'®) [z =re']
u+iv =logr +log e =logr + if
= u=logr,v=20

Note: z = x + iy

r=|z| =x?+ y?
logr = %log(x2 + y2)

tang =2
X

6 =tan~! (X) i.e.,v=tan ! (Z)
X X

Example: 6 Construct an analytic function f(z) = u + iv, given that

u = e* Y cos 2xy. Hence find v. [A.U D15/J16, R-08]
Solution:
Given u=e* " cos 2xy = e*’e™" cos 2xy
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Uy, = e’ [e"2 (—2ysin 2xy) + cos 2xy ex22x]
U (2,0) = 1[e?°(0) + 2ze?’| = 2ze*
U, = exz[e‘yz(—Zx sin 2xy) + cos nye‘yz(—Zy)]
uy(z,0) =e?[0+0] =0
f(2) = fu,(2,0)dz—i[u,(z0)dz+ C [by Milne—Thomson rule]
= [2zedz +C
=2[ze*dz+C
putt = z2, dt= 2z dz
= fetdt+C
=et+C
fz)=er +C
Tofind v :
U+ v = eCFWE L pxP—yPHioxy L gx?=y? iz xy
= %" 7Y’ [cos(2xy) + isin (2xy)]
v =e* ¥ sin 2xy [+equating the imaginary parts]
Example: 7 Find the regular function whose imaginary part is
e *(xcosy+ ysiny). [Anna, May 1996] [A.U M/J 2014]

Solution:

Given v = e ¥(xcosy + ysiny)
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v, = e *[cosy] + (xcosy + ysiny)[—e™*]
(2,00 =e?+(2)(—e %) =1 —2)e *
v, = e ¥[—xsiny + (ycosy +siny (1))]
(2,0)=e7?[0+04+0] =0
~f(2)=[vy(20)dz+i[v,(20)dz+C [by Milne—Thomson rule]
Where, C is a complex constant.
f(@2)=[0dz+i[(l=—2)e?dz+C

=i[(1-2)e?dz+C

- ila-a[5]-eol5] <
=i[-(1—-2)e?+e %]+ C
=ize ?+C
Example: 8 In a two dimensional flow, the stream function is ¢ =

tan™1 (%) Find the velocity potential ¢.[A.U M/J 2016 R13]

Solution:
Given ¥ = tan~(y/x)
We should denote, ¢ by u and by v

~ v =tan"1(y/x)

— L = 1,(2,0) =0
Vx = 1+(y/x)2 [xz x2+y?’ x(2,0)
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1 1 x
Uy = 1+(y/x)? [;] T x2+y2 v,(2,0) = =
“f(2)=[vy(20)dz +i[v,(z,0)dz+ :1 c
Z

f(z)=f§dz+if0dz+€ =logz+C
To find ¢:
f(2) = log (re') [z =re"]
u + iv = logr + log e
u+iv=logr+if
= u = logr z=x+1y,|z] = Jx2 + y2
> u= log\/ﬁy2

= Zlog(x? +¥?)

So, the velocity potential ¢ is
¢ = -log(x? +y?)
Note: In two dimensional steady state flows, the complex potential

f(z) = p(x,y) + iY(x,y) is analytic.

x
xZ+y?

Example: 9 If w = u + iv is an analytic function and v = x? — y? +

find u.

Solution: [Anna, May 1999]

X

; — 2 a2
Given v=x°—y t o5
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(2 +y*) (1) —x(2x)

v, =2x—0+ 1y
. yZ_xZ . (_ZZ)
= 2x + Ty ve(2,0) =2z + )
1
= 1,(2,0) = 2z - =
-0 0-x(2y)
v, =0-2y+ Fiy?)?
_ . _ 2xy
=0 Zy (x2+4y2)2
= 1,(z,0) =0

~ f(2) = [v,(2,0)dz + i f v,(z,0)dz + C [by Milne—Thomson rule]

Where, C Is a complex constant.
. 1
f(2) = dez+lf(Zz—Z—2)dz+C
522, 1 o _ 1

=l[2?+;]+(] [.f—dz—;]
—il,2l

=i [Z O Z] +C

Example: 10 If f(z) = w4+ iv is an analytic functionand u — v = e*(cosy —

sin y), find f(z) interms of z. [A.U Dec. 1997]

Solution:
Given u —v = e*(cosy —siny), ..(4)
Differentiate (A) p.w.r. to x, we get

U, — v, = e*(cosy — siny),
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Uy(2,0) —v,(2,0) = €* .. (D
Differentiate (A) p.w.r. to y, we get
u, — v, = e*(—siny —cosy)
uy(z,0) —v,(z,0) = e”[-1]
i.e, uy(z,0)—v,(z0) = —e”
—,(2,0) —u,(z,0) = —e?...(2) [by C—R conditions]
(D) + (2) > —2v,(2,0) =0
= 1,(2,0) =0
()= u,(z,0)=¢”
f(2) = [u,(2,0)dz+ i [v,(z 0)dz + C [by Milne—Thomson rule]
f(2)=[e?dz+i0+C
=e?+C
Example: 11 Find the analytic functions f(z) = u + iv given that

(i) 2u+v=e*(cosy—siny)

(i) u—2v=-e*(cosy—siny) [A.U A/M 2017 R-13]
Solution:
Given (i) 2u+ v =e*(cosy —siny) ...(4)

Differentiate (A) p.w.r. to x, we get
2u, + v, = e*(cosy —siny)

2u, —u, = e*(cosy —siny) [by C—R condition]
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2u,(2,0) —u,(z,0) = e .. (1)
Differentiate (A) p.w.r. toy, we get
2u, +v, =e*[—siny — cosy]
2u, +u, = e”* [—siny —cosy] [by C—R condition]

(2

2uy(z,0) + uy(z,0) = e?(—1) = —e”
..(3)

= 4u,(z,0) — 2u,(z,0) = 2e”

(1) % (2)
(2)+ (3) = 5u,(z,0) =e”

= U,(2,0) = %ez

V4

= ~=e

(1) = u,(z0)= %ez 887

3 zZ
= Uy (z,0) = —ce
f(2) = fu, (2,0)dz — i [ u,(z,0)dz + C [by Milne—Thomson rule]

Where, C is a complex constant.

flz) = f%ezdz— if—%ezdz+ C

2 3.
—ef+=-ief+C
5 5

1+43i
- e+ C

..(B)

(i) u—2v =e*(cosy —siny)

Differrentiate (B) p.w.r. to x, we get

U, — 2v, = e*(cosy — siny)
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U, + 2u, = e*(cosy —siny)  [by C—R condition]
Ux(2,0) + 2u,(z,0) = e” (D
Differentiate (B) p.w.r. to y, we get
u, — 2v), = e*[—siny — cos y]
u, — 2u, = e* [—siny —cosy] [by C—R condition]
Uy (z,0) — 2u,(z,0) = —e” ..(2)
(D)X (2) = 2u,(z0) +4u,(z0) = 2e* ..(3)
(2)+ @) = 5u,(z0)=e?

= u,(z,0) = %ez

2
(1) =u,(z0) = —gez + e”

= Eez
5
f(2) = [u,(z,0)dz =i [uy(z,0)dz + C [by Milne—Thomson rule]
Where, C is a complex constant.
f(z) = f%ezdz— if%ezdz+ C
=3z _jlezpc=lez 4
5 5 5
Example: 12 Determine the analytic function f(z) = u + iv given that

3u+ 2v = y? — x% + 16xy [A.U. N/D 2007]

Solution:
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Given 3u + 2v = y? — x% + 16xy
.. (4)
Differentiate (A) p.w.r. to X, we get
3u, + 2v, = —2x + 16y
3u, — 2u, = —2x + 16y [by C—R condition]
3u,(z,0) — 2u,(z,0) = -2z
Differentiate (A) p.w.r. to y, we get
3uy, + 2v, = 2y + 16x
3u, +2u, = 2y +16x [by C—R condition]
3uy(z,0) + 2u,(z,0) = 16z
(1) X (2) = 6u,(z,0)—4u,(z0) = -4z ..(3)
(2) x(3) = 9uy(z0)+ 6u,(z0) =48z
3)—4) = —-13u,(z0)=—52z
= Uy (2,0) =4z
(1) =3uy,(z,0)=8z—-2z=6z

= u,(z,0) = 2z

f(z) = fu,(z,0)dz —i [u,(z,0)dz + C [by Milne—Thomson rule]

where C is a complex constant.

f(z) = [2zdz—i[4zdz+C
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2 2
22 i 4
2 2
=z —i2z°+C
=(1-i2)z*+C

Example:13 Find an analytic function f(z) = u+ iv given that2u + 3v =

sin 2x

[A.U. A/M 2017 R-8]

cosh 2y -cos 2x

Solution:

sin 2x

Given 2u + 3v =

cosh 2y -cos 2x
Differentiate p.w.r. to x, we get

cosh 2y -cos 2x)(2 cos 2xX)=—sin 2x (2 sin 2x
2u, + 3v, = osh2y )( ) ( )
(cosh 2y ~cos 2x)2

cosh 2y -cos 2x)(2 cos 2X)—sin 2x (2 sin 2x
2u, — 3u, = Coh2y )( ) ( )
y (cosh 2y -cos 2x)2

[by C—R condition]

2 cos 2z(1—cos 2z)—2sin?2z
2u,(z,0) — 3uy(z, 0) = 22

2.C0Ss 2z—2¢0s%2z—-2sin?%2z
(1—cos 2z)?

2cos2z-2 -2

"~ (1-cos2z)?2  1-cos2z

= —- = —cosec’z
VA

2ux(z,0) — 3uy(z,0) = —cosec?z ...(D)

Differentiate p.w.r. toy, we get

0—sin 2x(sinh 2y)
2uy, + 3v, =
y + y (cosh 2y—cos 2x)2 ( )
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__ 0—sin 2x(sinh 2y) "
2uy +3uy = (cosh 2y—cos 2x)? (2) [by C — R condition]
2uy(z,0) + 3uy(z,0) =0 .. (2)

Solving (1) & (2) we get,
= uy(z, 0) = —%coseczz
= u,(z,0) = —f—gcoseczz
f(2) = [u,(z,0)dz —i [ uy(z,0)dz + C [by Milne—Thomson rule]
Where, C Is a complex constant

f2)={ (;—:) cosec’zdz —i [ (13—3) cosec?zdz + C
= (12—3) cotz + (13—3) cotz +C

2430

cotz+ C

Example: 14 Find the analytic function f(z) = uw + iv given that 2u + 3v =
e*(cosy-siny) [A.U A/M 22017 R-13]
Solution:
Given 2u + 3v = e*(cos y -siny)
Differentiate p.w.r. to x, we get
2u, + 3v, = e*(cosy —siny)
2u, — 3u, = e*(cosy —siny) [by C—R condition]

2uy(2,0) — 3u,,(z,0) = e” (D

MA3303 PROBABILITY AND COMPLEX FUNCTIONS



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY
Differentiate p.w.r. to y, we get
2u, + 3v, = e*[—siny — cos y]

2u, + 3u, = —e* [siny + cosy] [by C—R condition]

2uy(z,0) + 3u,(z,0) = —e” ..(2)
(1D X (3) = 6u,(z0) —9u,(z,0) = 3e” ..(3)
(2) X2 = 6u,(z0) + 4u,(z,0) = —2e” (4

(3) —(4) = —13uy(z,0) =5e”

5
= uy(z,0) = —Eez

(1) =2u,(z0)+ 1—:ez = e?

15 2
2ux(z,0)=ez—1—3 Z=—1—3€Z
1 2
= U,(z,0) = —5

f(2) = fu,(z,0)dz=ifu,(z,0)dz+C

.'.f(z)=f;—;ez dz—if(;—:)dz+C

—1+5i

= —ef4 e+ (= e?+C
13 13
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