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Method of variation of parameters:
This method is very useful in finding the general solution of the second

order equation

d%y dy
- ta-t+ay=x
dx? L 2y

Solutionis y = Au + Bv

Where A, B are constants

A={

v

dx + C;

-R
uv’—vu!

B=f £ dx+CZ

uv!—vu!'

Problems Based on Method of variation of parameters

Example:1
Solve &2 4 a’y = secax
dx?
Solution:
(D? + a?)y = secax
Auxiliary Equation ism? + a? = 0
m = tia
C.F=(A cos ax + B sinax)
Let the solutionbey = Au + Bv
Here
U = Ccos ax V= sin ax
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!

u' = —asinax v’ = acosax
uv' —vu' = acos®?ax+asin*ax = a
A= dx + C
fuv Uu 1

dx + C;

f —secaxsinax

-1 1.
=— sinax dx + C;
a cosax

=_71ftanax dx + Cy

logcosax
=+ 4G

a?
B=[———dx+(

f secax cosax

dx + C,

=—f cosax dx + C,

cos ax
L
—;x+CZ
~y =Au+ Bv
y = cosax [log(caﬂ+C1]+smax [ +C2]

log(cos ax)

y = (j cosax + cosax + C, sin ax += sm ax

Example:2
Solve (D? + 4)y = tan 2x

Solution:
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Auxiliary Equationis m?+4 =0

m? = —4

m = 12i
C.F=Acos ax + Bsinax
Let the solutionbe y = Au + Bv
u = cos?2 v = Ssin 2x

u' = —2sin2x v’ = 2cos2x

wv' —vu' = 2 cos? 2x + 2 sin® 2x

=2
—-R
A= [ H=——di'+ C} R= tan 2x
uv'—vu
—tan 2; sin 2x P C1
-1 2 .
SmEy gl xstx dx +C;
2 7 cos
—1 sin?2x
= — dx + Cl
2 cos 2x
—1 1-— 27
f( cos x) x + Cl
CoS 2x
-1 1 22
|
2 CcOoS 2x CcOoS 2x

= ;f(sec 2x — cos2x) dx + C;

—1 [log(sec2x+tan2x) sin2x
ey [ 2 - TG
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B=f _Ru dx+CZ

uv’—vu'

_ f tan 2x cos 2x

dx + C,

= f%sian dx + C,

1 cos2x

=72 TG
=—COZZX+C2
~y=Au+ Bv
-1 in2 2 :
y = {[T (logsec 2x 4+ tan 2x) — Slr; x] + Cl} coS 2x + (— Coz ~ + CZ) sin 2x

Example: 3
Solve y" — 2y’ = e*sin x
Solution:
(D? + 2D)y = e*sinx
Auxiliary Equation is m? = 2m =0
m(m—2)=0
m=0m=2
C.F=(4e% + Be?)
Let the solutionbey = Au + Bv

Here u = 1 v = eX
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uv' —vu' = 2e%*

A=[=

dx+61

_f—e *sinx (e2%) dx+6'1

2e2X%
1 .o
=—Je*sinxdx + (;

_—1

2 [1+1

(sin x — cos x)] + C;

_pX
=% (sinx = cos x + C
4 1

! - dx + C,

—-vu

B=

f e¥*sinx
- Zezx

uv’

dx + C, { [ e™ sinbx dx = a:i; [a sin bx — bcos bx]}
=%fe‘xsinx dx + C,

%T(—sinx—cosx) + G,

~y=Au+ Bv
[—ex . —e™* . 2x
y = T(smx — cosx) + Cl] + [T(smx + cosx) + CZ] e

Example:4
Solve y"+2y' +y=e*log x
Solution:

(D> +2D + 1)y =e *logx
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Aucxiliary Equationism? + 2m+1 =0
(m+1)2=0
m+1=0 (twice)
m=—1 (twice)
m=-1,-1
CF=(A+Bx)e™
= (Ade * + Bxe™)

Let the solution bey = Au + Bv

Here u = e™ v = xe*
u =—e % v = —xe** +e ¥
uv' —vu' = —xe T + e % 4 xe %X
- e—2x

A—_—f Ry dx+C1

uv’—vu'

—e %]
= [Z=EZxe ¥ dx +C,

pEr
= — [xlogx dx + C;

Here u=logx [dv=[xdx

u' =§ dx v=x?2
=~ [togx (5) - /55 a4
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2 2
X X
= —|zlogx ——+C ]
[2 & 4 0 1

B=f Ru dx+C2

uv’'—vu'

=fe_:_#e‘xdx+62
= [logx dx + C,
=xlogx —x+ C,

~y=Au+ Bv
—x2 x2
y = [Tlogx ——+G ] e *+ (xlogx —x+ Cy)xe™
Example: 5

2
Solve by method of variation of parameter % +y =xsinx

Solution:
(D? 4+ 1)y = xsinx
Auxiliary Equationis m?2+1=0
m = +i
C.F=(Acos x + Bsinx)
Let the solutionbey = Au + Bv
Here u = cosx V= sinx

u' = —sinx v = cosx
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I r 2 f02
uv' —vu = cos°x + sin“x
=1 R= xsinx
A=|——dx+C
f uv vu 1

f —xsinxsinx

dx + C;

_ _fx(l—CZOSZX) dx + C1

—71 [%2] |G [xsm 2x 1) ( cos Zx)] +c,

A0
=i+fsin2x+lc052x+61
4 4 8

B=[——dx+C,

uv'—vu’

fxcosxsinx d
1

- fxsian dx

2

:% [x( cost)_(l)( 51n2x)] +Cz

= _4—xc052x+§sin2x+ C,

~y= Au+ Bv
—x2 _
y = [%+§sin2x+%cost+Cl]cosx+[Txc052x+§sin2x+
Cz]sinx

Example:6
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Solve (D> +2D + 1)y = ex—_: by variation parameter

Solution:
Aucxiliary Equationis m? +2m+1=0
m=-1,-1
CF=(A4 +Bx)e™
=Ae ™+ Bxe™*

Let the solution be y = Au + Bv

Here u = e™* v= xe ¥
u =—e7* vV =—xe *+e*
v’ —vu' = —xe ¥ + e %X 4 xe %X
4l e X
T R=—
X

A:f - dx+C1

uv’—vu’

=X vy
—— Xe

—2x

xe
== _fxze_Zx dx + Cl

= —logx + C;

B=[—_ dx+(,

uv’'—vu'
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-x
€ -x

:fx_ze dx+CZ

e—2x

-1
—7 +C2
y = Au+ Bv

-1
y = (—logx +Cy)e™ + (7 + Cz)xe‘x

Example:7
F dzy
Solve the equation 2T Y =cosecx
Solution:

(D? + 1)y = cosec x

Auxiliary Equationis m? +1. =0

a=0,=1
C.F=Acos x + Bsinx
Let the solutionbey = Au + Bv
Here u = cos V= sinx

u' = —sin v’ =cosx

uv' —vu' = cos?x + sin’x
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=1 ; R = cosec x

A= ax+¢

uv’—vu'

. f —sinx cosecx

dx + C;
=—X+C1

B=

) f cosecx cos x

dx + C,

Ru
uv!-vu’
dx + C,

= [y,

sin Xx

= [ cotx dx+ C,
= logsinx + C,
y= Au+ Bv
y = (—x+ C;y) cosx + (log sinx + C,) sin x
Example:8
Solve (D? + 4)y = cot 2x
Solution:

Aucxiliary Equationis m? +4 =0

m = +2i
C.F=A4cos 2x + Bsin2x
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Let the solutionbe y = Au + Bv
Here u = cos2x v = sin2x
u' = —2sin2x v’ = 2cos 2x
uv' —vu' = 2co0s?2x + 2sin?2x

=2 R = cot 2x

A=l

- dx + Cy

uv’—vu'

—cot2xsin2x

= [+ G

F —%fcostdx+C1

1l 1 (sin 2x

2\ 2 )+Cl

—sin2x

= + C1

B=[—

F - f cot2x cos 2x
2

dx+C2

dx + C,

=_fcos 2X x+C2

sin 2x

:_f(l sin? Zx)dX-I-CZ

sin 2x
= %f(cosec 2x — sin 2x) dx + C,
1 1 1
= [— Elog(cosec 2x + cot2x) + 5 €os Zx] + C,
=— %log(cosec 2x + cot2x) + %cos 2x + C,
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y = Au+ Bv

sin 2x

y= [— T Cl] cos 2x + [—ilog(cosec 2x + cot2x) + %cos 2x +

CZ] sin 2x
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