ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

1.7 MOMENTS

Definition:

The rth moment about origin is u; = E[ x/]

First moment about origin yu; = E[X]

= E(X?) — [E(X)]?

Variance 2 = uj — (uy)?

The rth moment about mean is u,. = E[(X — u)"], where u is mean of X.

wm =E[(X -]

Hy; = E[(X — n)?]
= E[X2 + p? — 2Xu]
= E[X?] + p® — 2E[X]u
= E(X*) + [EX)]* - 2EX)EX)
= E(X*) + [EX)]? — 2[E(X)]?
= E(X?) - [E(X)]? = o?

oo ‘[,{2 = 0'2
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s : L 21—x) O0<x<1
If the probability density of X is given f(x) =
P y y g f(x) { 0 otherwise

Find its r'® moment about origin. Hence find evaluate E[(2X + 1)?]

Solution:

The r'™ moment about origin is given by

1
e = Bl = [ 27 fGodx
0
1
=f x"2(1 —x)dx
0

1
* Zj (x" —x"t)dx
0

1
[xr+1 x’r+1+1]
0

r+1_ r+2

_2[ 1 1]
T T lr4+1 r+42

2=t 10)
r+2)(r+1)

o 2
2t 3r 'y 2

E[(2X + 1)?] = E[4X? + 4X + 1]

= 4E[X?| +4E[X] + 1 =4p) + 4pu; + 1

2 2

=4 4 1
22+3(2)+2+ 22+3(2)+2+
—8+8+1—3
12 6 B

~E[2X+1)?]=3
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1.7 MOMENT GENERATIVG FUNCTION (MGF)
Let X be a random variable. Then the MGF of X is My (t) = E[e**]

If X is a discrete random variable, then the MGF is given by

Me()) = ) e™p(x)

X

If X is a continuous random variable, then the MGF is given by

My (t) = f " et F(x)dx

Define MGF and why it is called so?

Sol: Let X be a random variable. Then the MGF of X is M, (t) = E[e*¥] Let X

be a continuous random variable. Then

t2x> t"

My (t)= f_oooo e f(x)dx = f_oooo [1 +%+ - .

=t | fO0dx

=fjooo [f(x) +%f(x) +%f(x) + '--%f(x) T ] dx

=" f(x)dx + %f_""w xf(x)dx + tz—zlf_""oo x2f(x)dx ...+ ’;—T!f_""oo x"f(x)dx + -

t 2 t"
My(t) =1 +Eu1 +Zug + ---ﬁu; + e

w My (t) generates moments therefore it is moment generation function

NOTE

If X is a discrete RV and if My (t) is known, then u,. = [;—; [MX(t)]]
t=0

If X is a continuous RV and if My (t) is known, then ;.
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=r! X coeffof t” in My (t)

PROBLEMS UNDER MGF OF DISCRETE RANDOM VARIABLE

Me()) = ) e™p()

X

If X is a discrete RV and if My(t) is known, then ;. = [;—; [MX(t)]]

K=

1. Let X be the number occur when a die is thrown. Find the

MGPF and hence find Mean and Variance of X.
Solution:

p(x) | 1/6 | 1/6 | 1/6 | 1/6 | 1/6 | 1/6

() Mx(t) =Xz1e"p()
= e'P(1) +e*P(2) + e>P(3) + e**P(4) + e°*P(5) +
e® P(6)

1

1 1 1 1 1
=el-+e?—+e3—tett-4 5= 4 bt
6 6 6 6 6 6

My(t) = z[e® + e +e3 + e* + &5t + 5]
i) EX) = [iMX(t)] = Z[et + 22t + 33t + 4e*t + 55t +
dt t=0 6

6e6t]t—0

=Z[1+2+3+4+5+6]==

E(X) = 3.5
4

E(X?) = [dtz [Mx(t)]]

t=0
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%[et + 4e2t 4 9¢3t 4 16e%t + 255t + 36e6¢]
1 9

=Z(1+4+9+16+25+36) ==

=15.1
(iii) Variance of X = E(X?) — [E(X)]? = 15.1 — 12.25
2. Find the moment generating function for the distribution
E; =T
3
where (X = x) = % ; x = 2. Also find its mean & variance,
0

; otherwise

Sol: The probability distribution of X is given by

p(x) | 2/3 | 1/3

My (¢) = E[e®] = Y31 e”p(x)
=e'p(X = 1) +eXp(X =2) =e' 2+ e2 -
My (£) = (2¢* + et)
E(X) = Mx(0)
- [£[ @t + ezt)”tzo = 1(2et +2¢2)
E(X)= =

3

E(X?) = M{(0) = | 2[5 (2et + ezt)]]

t=0
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= l% E (2et + ZeZt)]]

= E (2et + 4eZt)t=0] = g =2

t=0

Variance of X = E(X?) — [E(X)]* =2 — (3)2

Var(X) = %

1

3. Let X be a RV with PMF P(x) = (E)X .x=12,3 ... Find MGF and

hence find mean and variance of X.
Sol:

(i) Mx() =E[e™]
= Yi=1 7 p(x)

o tx & [oe}
= Yx=1€ (E) )

(@) EX) = [ M)

[ G

_ [(2zef)e’—ef(0-¢")
_ [ 2 0 ]t_o

(2—-et)?

t=0
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_ [2et-e?t+e?t] v d u vu' —uv’
(Z_et)z “t=0 '

[ 2et ] 2
[(2-eD)2l_o] 1

E(X?) = [j— [My (8)]

- [% ((zieett)Z): v

[(Z—et)ZZet—ZetZ(Z—et)(—et)] 2+4
= — e — 6
- A t=0

(iii) Variance = E(X?) — [E(X)]* =6 — 4
Var(X) = 2

PROBLEMS UNDER MGF OF DISCRETE RANDOM VARIABLE

My () =j_ e™ f(x)dx

If X is a continuous RV and if My (t) is known, then p;,.

=r! X coeffof t" in My(t)

1. If a random variable “X” has the MGF, My(t) = zi—t find the variance

of X.

Solution:

Given My (t) = % =22 -1t)"1
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My'(t) = =22 = )2(-1)
=202-1t)?

My'(t=0)=2(2-0)2=2="-

My" () = —4(2 —)3(-1)
=4(2—-1t)3

My'(t=0)=42-0)3===-

Var(X) = E(X?) — E[(X)]?

N |-

AN

1
o By

2. Let X be a RV with PDF f(x) = ke™%*,x = 0. Find (i) k, (ii) MGF, (iii)
Mean and (iv) variance

Sol: Given: f(x) = ke ™?*;0 < x <

) To find k:
ER O el I
fooof(x)dX=1=>f0 kede_lk[—ZL_l:)—_Z(e - 1)
=1
_%(0—1)=1=> §=1
k=2
(i) My (6) = Efe™] =[] e f (o)

— © tx -2 — © tx-2
—Zfoexe xdx—Zfoex *dx

_ Zfoooe_(z_t)xdx _ > [e_‘((zz:’:;]:)o =2 (O + i)
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2
My (t) =5

(iii) To find Mean and Variance:

My(6) = —(1-8) =1l by

X()_z(l_f)_ 2/ 2 22
2

Coefficient of t = % Coefficient of t? = ziz

Mean E (X) = u; = 1! x coefficient of t = E(X) = %

E(X?) = 2! x coefficient of t? = 2 x ziz = %
-1

(iv) Variance = E(X?) — [E(X)]* =

N |-
A e

Var(X) = -

3. Let X be a continuous RV with PDF f(x) = Ae3;x = 0. Find
(i) 4, (i) MGF,(iii) Mean and (iv) variance

—-X

Sol: Given: f(x) = Ae3;0 < x <
(i) Tofind A :

co oo - e
J, f(dx=1= [ Ae3dx=14A—| =1=-3400-1)=1

3A=1=>A=§

1 —x
.'.f(x)=§e3;0SxSOO

oo 1. ==
(i) My (t) = E[e™] = [, e™f(x)dx = §f0 e e3 dx
il 26D e it 1 o —(1—t>x 1 e_(%_t)x ”
=), € 3dx=goe 3 dx=§ T
; =,
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1 1
[0+1 ] =3T3

——t

3

=({1-3)7"
(iii) To find mean and variance:
My(t) =(1-3t)71
=1+3t+9t?+27t3 +

coefficientof t = 3 coefficient of t* = 9
E(X)=1! X coefficientof tin My(t) = 1X3
Mean = 3
E(X)=2! X coefficient of t? in My (t)
=2X9 =18
(iv)Variance = E(X?) —[E(X)]? =18-9
Var (X) =9

4.Let X be acontinuous RV with PDF f(x)
X 0<x<1

=4{2—-—x ;1 <x<2.Find (i) MGF, (ii) Mean and variance.
0 ; elsewhere
Sol: Since X is defined in the region 0 < x < 2, X is a continuous RV.

My(t) = E[e™] = [ e f(x)dx

= foletxxdx+flzetx(2 — x)dx = folxetxdx+f12(2 — x)e%dx
=) -1, +e- 0T - %
=[1(5)-1E)-E)]+ °+ﬁ—%t—?—§]
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To find Mean and Variance:

1! 21 31 4!

2t 2%t?  23t3 244
+({1+—+ + + + .

1 AR -
MX(t)=t—2 1-2{1+—+—+—+—+ -

1 2! 3! 41
U, = r! x coefficient of t”
-2 8

3
Coefficient of t = —3+2—=—+—= 1
3! 31 6 6

Coefficientof t? = — =+~ =— =~
py = 1! x coefficient of t

py =1

Mean =1

u, = 2! x coefficient of £2; uj = 2 X % =%

Variance = uj — (u1)? = % -1
1
Var(X) = p

5. Let X be a continuous random variable with PDF f(x) %; —a<x<a.

Then find the M.G.F of X.
Sol: X is a continuous random variable defined in —a < x < a.

M (t) = E[e™]

= [ £ e¥f(x)dx
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a 1
= [ e™—dx
-a 2a

T 2a\t

1 eta_e—ta
_Za( t )

__ 1 2sinhat
2a t

MX (t)= sinh at

at

Discrete Distributions:

(i)  Binomial Distribution
(i)  Poisson Distribution
(ili) Geometric Distribution

Continuous Distributions:

(i)  Exponential Distribution

(i) Uniform Distribution

1 [etn\4 _ )
——(—) eX* —e* = 2sin hx
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(ifi)  Normal Distribution
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