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1.7 MOMENTS 

Definition: 

The rth moment about origin  is 𝜇r
′ = 𝐸[ 𝑥r

′] 

First moment about origin 𝜇1
′ = 𝐸[𝑋] 

= 𝐸(𝑋2) − [𝐸(𝑋)]2 

Variance 𝜎2 =  𝜇2
′ − (𝜇1

′ )2 

The rth moment about mean is 𝜇𝑟 = 𝐸[(𝑋 − 𝜇)𝑟], 𝑤ℎ𝑒𝑟𝑒 𝜇 𝑖𝑠 𝑚𝑒𝑎𝑛 𝑜𝑓 𝑋. 

𝜇1 = 𝐸[(𝑋 − 𝜇)1] 

= 𝐸[𝑋] − 𝐸[𝜇] =  𝜇 − 𝜇 = 0 

∴ 𝜇1 = 0 

𝜇2 = 𝐸[(𝑋 − 𝜇)2] 

                                             = 𝐸[𝑋2 + 𝜇2 − 2𝑋𝜇] 

= 𝐸[𝑋2] + 𝜇2 − 2𝐸[𝑋]𝜇 

=  𝐸(𝑋2) + [𝐸(𝑋)]2 − 2𝐸(𝑋)𝐸(𝑋) 

=  𝐸(𝑋2) + [𝐸(𝑋)]2 − 2[𝐸(𝑋)]2 

=  𝐸(𝑋2) − [𝐸(𝑋)]2 = 𝜎2 

∴ 𝜇2 = 𝜎2 
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If the probability density of X is given  𝒇(𝒙) =  {
𝟐(𝟏 − 𝒙) 𝟎 < 𝒙 < 𝟏

𝟎 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆
  

Find its rth moment about origin. Hence find evaluate 𝑬[(𝟐𝑿 + 𝟏)𝟐] 

Solution: 

The rth moment about origin is given by  

𝜇r
′ = 𝐸[ 𝑥r

′] = ∫ 𝑥𝑟
1

0

𝑓(𝑥)𝑑𝑥 

= ∫ 𝑥𝑟
1

0

2(1 − 𝑥)𝑑𝑥 

= 2 ∫  
1

0

(𝑥𝑟 − 𝑥𝑟+1)𝑑𝑥 

= 2 [
𝑥𝑟+1

𝑟 + 1
−

𝑥𝑟+1+1

𝑟 + 2
]

0

1

 

= 2 [
1

𝑟 + 1
−

1

𝑟 + 2
]

  

 

 

= 2 [
(𝑟 + 2) − (𝑟 + 1)

(𝑟 + 2)(𝑟 + 1)
]

  

 

=
2

𝑟2 + 3𝑟 + 2
 

𝐸[(2𝑋 + 1)2] = 𝐸[4𝑋2 + 4𝑋 + 1] 

= 4𝐸[𝑋2] + 4𝐸[𝑋] + 1 = 4𝜇2
′ + 4𝜇1

′ + 1 

= 4
2

22 + 3(2) + 2
+ 4

2

22 + 3(2) + 2
+ 1 

=
8

12
+

8

6
+ 1 = 3 

∴ 𝐸[(2𝑋 + 1)2] = 3 
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1.7  MOMENT GENERATIVG FUNCTION (MGF)  

Let 𝑋 be a random variable. Then the MGF of 𝑋 is 𝑀𝑋(𝑡) = 𝐸[𝑒𝑡𝑥]  

If 𝑋 is a discrete random variable, then the MGF is given by 

𝑀𝑋(𝑡) = ∑  

𝑥

𝑒𝑡𝑥𝑝(𝑥) 

If 𝑋 is a continuous random variable, then the MGF is given by 

𝑀𝑋(𝑡) = ∫  
∞

−∞

𝑒𝑡𝑥𝑓(𝑥)𝑑𝑥 

Define MGF and why it is called so?   

Sol: Let 𝑋 be a random variable. Then the MGF of 𝑋 is 𝑀𝑥(𝑡) = 𝐸[𝑒𝑡𝑋] Let 𝑋 

be a continuous random variable. Then 

𝑀𝑋(𝑡)= ∫  
∞

−∞
 𝑒𝑡𝑥𝑓(𝑥)𝑑𝑥 = ∫  

∞

−∞
  [1 +

𝑡𝑥

1!
+

𝑡2𝑥2

2!
+ ⋯

𝑡𝑟𝑥𝑟

𝑟!
+ ⋯ ] 𝑓(𝑥)𝑑𝑥 

=∫  
∞

−∞
  [𝑓(𝑥) +

𝑡𝑥

1!
𝑓(𝑥) +

𝑡2𝑥2

2!
𝑓(𝑥) + ⋯

𝑡𝑟𝑥𝑟

𝑟!
𝑓(𝑥) + ⋯ ] 𝑑𝑥 

=∫  
∞

−∞
 𝑓(𝑥)𝑑𝑥 +

𝑡

1!
∫  

∞

−∞
 𝑥𝑓(𝑥)𝑑𝑥 +

𝑡2

2!
∫  

∞

−∞
  𝑥2𝑓(𝑥)𝑑𝑥 … +

𝑡𝑟

𝑟!
∫  

∞

−∞
 𝑥𝑟𝑓(𝑥)𝑑𝑥 + ⋯ 

𝑀𝑋(𝑡) = 1 +
𝑡

1!
𝜇1

′ +
𝑡2

2!
𝜇2

′ + ⋯
𝑡𝑟

𝑟!
𝜇𝑟

′ + ⋯ … … 

∵ 𝑀𝑋(𝑡) generates moments therefore it is moment generation function 

NOTE  

If 𝑋 is a discrete RV and if 𝑀𝑋(𝑡) is known, then 𝜇𝑟
′ = [

𝑑𝑟

𝑑𝑡𝑟
[𝑀𝑋(𝑡)]]

𝑡=0
 

If 𝑋 is a continuous RV and if 𝑀𝑋(𝑡) is known, then 𝜇r
′  
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= 𝑟! ×  coeff of 𝑡𝑟 in 𝑀𝑋(𝑡) 

PROBLEMS UNDER MGF OF DISCRETE RANDOM VARIABLE 

𝑀𝑋(𝑡) = ∑  

𝑥

𝑒𝑡𝑥𝑝(𝑥) 

If 𝑋 is a discrete RV and if 𝑀𝑋(𝑡) is known, then 𝜇𝑟
′ = [

𝑑𝑟

𝑑𝑡𝑟
[𝑀𝑋(𝑡)]]

𝑡=
  

1. Let 𝑿 be the number occur when a die is thrown. Find the 

 MGF and hence find Mean and Variance of 𝑿.   

Solution: 

 

𝑥 1 2 3 4 5 6 

𝑝(𝑥) 1/6 1/6 1/6 1/6 1/6 1/6 

(i) 𝑀𝑋(𝑡)  = ∑𝑥=1
6  𝑒𝑡𝑥𝑝(𝑥) 

             = 𝑒𝑡𝑃(1) + 𝑒2𝑡𝑃(2) + 𝑒3𝑡𝑃(3) + 𝑒4𝑡𝑃(4) + 𝑒5𝑡𝑃(5) +

𝑒6𝑡𝑃(6)  

             = 𝑒𝑡 1

6
+ 𝑒2𝑡 1

6
+ 𝑒3𝑡 1

6
+ 𝑒4𝑡 1

6
+ 𝑒5𝑡 1

6
+ 𝑒6𝑡 1

6
  

𝑀𝑋(𝑡)  =
1

6
[𝑒𝑡 + 𝑒2𝑡 + 𝑒3𝑡 + 𝑒4𝑡 + 𝑒5𝑡 + 𝑒6𝑡]  

(ii) 𝐸(𝑋)  = [
𝑑

𝑑𝑡
𝑀𝑋(𝑡)]

𝑡=0
=

1

6
[𝑒𝑡 + 2𝑒2𝑡 + 3𝑒3𝑡 + 4𝑒4𝑡 + 5𝑒5𝑡 +

6𝑒6𝑡]𝑡=0  

           =
1

6
[1 + 2 + 3 + 4 + 5 + 6] =

21

6
  

𝐸(𝑋) = 3.5  

𝐸(𝑋2) = [
𝑑2

𝑑𝑡2
[𝑀𝑋(𝑡)]]

𝑡=0
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            =
1

6
[𝑒𝑡 + 4𝑒2𝑡 + 9𝑒3𝑡 + 16𝑒4𝑡 + 25𝑒5𝑡 + 36𝑒6𝑡]  

            =
1

6
(1 + 4 + 9 + 16 + 25 + 36) =

91

6
  

            =15.1 

      (iii) Variance of 𝑋 = 𝐸(𝑋2) − [𝐸(𝑋)]2 = 15.1 − 12.25 

                                  𝜎𝑋 = 2.85 

2.  Find the moment generating function for the distribution 

where (𝑿 = 𝒙) = {

𝟐

𝟑
; 𝒙 = 𝟏

𝟏

𝟑
; 𝒙 = 𝟐 . Also find its mean & variance, 

𝟎 ; otherwise 

 

               Sol: The probability distribution of 𝑋 is given by 

𝑥 1 2 

𝑝(𝑥) 2/3 1/3 

                       𝑀𝑋(𝑡) = 𝐸[𝑒𝑡𝑥]                        = ∑  2
𝑥=1   𝑒𝑡𝑥𝑝(𝑥) 

                                   = 𝑒𝑡𝑝(𝑋 = 1) + 𝑒2𝑡𝑝(𝑋 = 2) = 𝑒𝑡 2

3
+ 𝑒2𝑡 1

3
  

                       𝑀𝑋(𝑡) =
1

3
(2𝑒𝑡 + 𝑒2𝑡)  

                         𝐸(𝑋) = 𝑀𝑋
′ (0)  

                                   = [
𝑑

𝑑𝑡
[

1

3
(2𝑒𝑡 + 𝑒2𝑡)]]

𝑡=0
         =

1

3
(2𝑒𝑡 + 2𝑒2𝑡) 

                      E(X)=  
4

3
 

                       𝐸(𝑋2) = 𝑀𝑋
′′(0) = [

𝑑2

𝑑𝑡2
[

1

3
(2𝑒𝑡 + 𝑒2𝑡)]]

𝑡=0
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= [
𝑑

𝑑𝑡
[
1

3
(2𝑒𝑡 + 2𝑒2𝑡)]]

𝑡=0

 

                                = [
1

3
(2𝑒𝑡 + 4𝑒2𝑡)𝑡=0]  =

6

3
= 2  

Variance of 𝑋 = 𝐸(𝑋2) − [𝐸(𝑋)]2 = 2 − (
4

3
)

2
  

              Var (𝑋) =
2

9
  

3. Let 𝑿 be a 𝐑𝐕 with PMF 𝑷(𝒙) = (
𝟏

𝟐
)

𝒙
; 𝒙 = 𝟏, 𝟐, 𝟑, …. Find MGF and 

hence find mean and variance of 𝑿. 

Sol: 

(i) 𝑀𝑋(𝑡)  = 𝐸[𝑒𝑡𝑋] 

             = ∑  ∞
𝑥=1   𝑒𝑡𝑥𝑝(𝑥) 

                  = ∑𝑥=1
∞  𝑒𝑡𝑥 (

1

2
)

𝑥
                                = ∑𝑥=1

∞  (
𝑒𝑡

2
)

𝑥

 

                  = [
𝑒𝑡

2
+ (

𝑒𝑡

2
)

2

+ (
𝑒𝑡

2
)

3

+ ⋯ ]        =
𝑒𝑡

2
(1 +

𝑒𝑡

2
+ (

𝑒𝑡

2
)

2

+ ⋯ ) 

                    =
𝑒𝑡

2
(1 −

𝑒𝑡

2
)

−1

                            =
𝑒𝑡

2

𝑒𝑡

2−𝑒𝑡
 

              𝑀𝑋(𝑡)  =  
𝑒𝑡

2−𝑒𝑡
 

             (𝑖𝑖) 𝐸(𝑋) = [
𝑑

𝑑𝑡
[𝑀𝑋(𝑡)]]

𝑡=0
 

                  =[
𝑑

𝑑𝑡
(

𝑒𝑡

2−𝑒𝑡)]
𝑡=0

 

                          = [
(2−𝑒𝑡)𝑒𝑡−𝑒𝑡(0−𝑒𝑡)

(2−𝑒𝑡)2
]

𝑡=0
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                        = [
2𝑒𝑡−𝑒2𝑡+𝑒2𝑡

(2−𝑒𝑡)2
]

𝑡=0
 ∵ 𝑑 (

𝑢

𝑣
) =

𝑣𝑢′−𝑢𝑣′

𝑣2
  

                        = [
2𝑒𝑡

(2−𝑒𝑡)2
]

𝑡=0
] =

2

1
  

𝐸(𝑋) = 2 

𝐸(𝑋2) = [
𝑑2

𝑑𝑡2
[𝑀𝑋(𝑡)]]

𝑡=0

  

            = [
𝑑

𝑑𝑡
(

2𝑒𝑡

(2−𝑒𝑡)2)]
𝑡=0

  

           = [
(2−𝑒𝑡)

2
2𝑒𝑡−2𝑒𝑡2(2−𝑒𝑡)(−𝑒𝑡)

(2−𝑒𝑡)4 ]
𝑡=0

=
2+4

1
= 6 

(iii) Variance = 𝐸(𝑋2) − [𝐸(𝑋)]2 = 6 − 4 

                Var (𝑋) = 2 

PROBLEMS UNDER MGF OF DISCRETE RANDOM VARIABLE 

𝑀𝑋(𝑡) = ∫  
∞

−∞

𝑒𝑡𝑥𝑓(𝑥)𝑑𝑥 

If 𝑋 is a continuous RV and if 𝑀𝑋(𝑡) is known, then 𝜇r
′  

= 𝑟! ×  coeff of 𝑡𝑟 in 𝑀𝑋(𝑡) 

 

1. If a random variable “X” has the MGF, 𝑴𝑿(𝒕) =
𝟐

𝟐−𝒕
, find the variance 

of X. 

Solution: 

               Given 𝑀𝑋(𝑡) =
2

2−𝑡 
= 2(2 − 𝑡)−1 
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                          𝑀𝑋
′(𝑡) = −2(2 − 𝑡)−2(−1)   

                                        = 2(2 − 𝑡)−2 

                          𝑀𝑋
′(𝑡 = 0) = 2(2 − 0)−2 =

2

4
=

1

2
        

                          𝑀𝑋′′(𝑡) = −4(2 − 𝑡)−3(−1)   

                                        = 4(2 − 𝑡)−3 

                           𝑀𝑋′′(𝑡 = 0) = 4(2 − 0)−3 =
4

8
=

1

2
 

 𝑉𝑎𝑟(𝑋) = 𝐸(𝑋2) − 𝐸[(𝑋)]2 

               =
1

2
−

1

4
=

1

4
 

2. Let X be a RV with PDF 𝒇(𝒙) = 𝒌𝒆−𝟐𝒙, 𝒙 ≥ 𝟎. Find (i) 𝒌, (ii) 𝐌𝐆𝐅, (iii) 

Mean  and  (iv) variance 

    Sol: Given: 𝑓(𝑥) = 𝑘𝑒−2𝑥; 0 ≤ 𝑥 < ∞ 

i) To find 𝑘: 

 

∫
0

∞
 𝑓(𝑥)𝑑𝑥 = 1

⇒ ∫
0

∞
 𝑘𝑒−2𝑥𝑑𝑥 = 1𝑘 [

𝑒−2𝑥

−2
]

0

∞

= 1 ⇒
𝑘

−2
(𝑒−∞ − 1)

= 1 

𝑘

−2
(0 − 1) = 1 ⇒           

𝑘

2
= 1 

      𝑘 = 2 

 

(ii) 𝑀𝑋(𝑡) = 𝐸[𝑒𝑡𝑥]                           = ∫
0

∞
 𝑒𝑡𝑥𝑓(𝑥)𝑑𝑥 

                    = 2∫
0

∞
 𝑒𝑡𝑥𝑒−2𝑥𝑑𝑥 = 2∫

0

∞
 𝑒𝑡𝑥−2𝑥𝑑𝑥 

                  = 2∫
0

∞
 𝑒−(2−𝑡)𝑥𝑑𝑥 = 2 [

𝑒−(2−𝑡)𝑥

−(2−𝑡)
]

0

∞

= 2 (0 +
1

2−𝑡
) 
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     𝑀𝜒(𝑡)  =
2

2−𝑡
 

(iii) To find Mean and Variance: 

𝑀𝑋(𝑡) =
2

2 (1 −
𝑡
2)

= (1 −
𝑡

2
)

−1

= 1 +
𝑡

2
+

𝑡2

22
+ ⋯ 

Coefficient of 𝑡 =
1

2
 Coefficient of 𝑡2 =

1

22
 

Mean 𝐸(𝑋) = 𝜇1
′ = 1! × coefficient of 𝑡 ⇒ 𝐸(𝑋) =

1

2
 

               𝐸(𝑋2) = 2! × coefficient of 𝑡2 = 2 ×
1

22
=

1

2
 

(iv) Variance = 𝐸(𝑋2) − [𝐸(𝑋)]2 =
1

2
−

1

4
=

2−1

4
 

             Var (𝑋) =
1

4
 

3.  Let 𝑿 be a continuous RV with PDF 𝒇(𝒙) = 𝑨𝒆
−𝒙

𝟑 ; 𝒙 ≥ 𝟎. Find 

(i) 𝑨, (ii) MGF,(iii) Mean and (iv) variance 

Sol: Given: 𝑓(𝑥) = 𝐴𝑒
−𝑥

3 ; 0 ≤ 𝑥 ≤ ∞ 

(i) To find 𝐴 : 

∫
0

∞
 𝑓(𝑥)𝑑𝑥 = 1 ⇒ ∫

0

∞
 𝐴𝑒

−𝑥
3 𝑑𝑥 = 1𝐴 [

𝑒
−𝑥
3

−
1
3

]

0

∞

= 1 ⇒ −3𝐴(0 − 1) = 1 

             3𝐴 = 1 ⇒ 𝐴 =
1

3
 

∴ 𝑓(𝑥) =
1

3
𝑒

−𝑥
3 ; 0 ≤ 𝑥 ≤ ∞ 

(ii) 𝑀𝑋(𝑡)  = 𝐸[𝑒𝑡𝑥] = ∫
0

∞
 𝑒𝑡𝑥𝑓(𝑥)𝑑𝑥 =

1

3
∫

0

∞
 𝑒𝑡𝑥𝑒

−𝑥
3 𝑑𝑥 

                  =
1

3
∫

0

∞
 𝑒𝑡𝑥−

𝑥

3𝑑𝑥 =
1

3
∫

0

∞
 𝑒

−(
1

3
−𝑡)𝑥

𝑑𝑥 =
1

3
[

𝑒
−(

1
3

−𝑡)𝑥

−(
1

3
−𝑡)

]
0

∞
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                  =
1

3
[0 +

1
1

3
−𝑡

]  =
1

3

1
1−3𝑡

3

 

                   = (1 − 3𝑡)−1 

(iii) To find mean and variance: 

𝑀𝑋(𝑡) = (1 − 3𝑡)−1 

            = 1 + 3𝑡 + 9𝑡2 + 27𝑡3 + ⋯ 

coefficient of 𝑡 = 3                 coefficient of 𝑡2 = 9 

            E(X)=1! X coefficient of t in 𝑀𝑋(𝑡) = 1 X 3 

            Mean = 3 

            E(X)=2! X coefficient of t2 in 𝑀𝑋(𝑡) 

                    = 2X9 =18 

(iv)Variance  = E(X2) – [E(X)]2    = 18-9 

       Var (X) =9 

 4. Let 𝑿  be a continuous RV with PDF 𝒇(𝒙)

= {
𝒙 ; 𝟎 < 𝒙 < 𝟏

𝟐 − 𝒙 ; 𝟏 < 𝒙 < 𝟐 . Find (i) MGF, (ii) Mean and variance. 

𝟎  ; elsewhere 

 

Sol: Since 𝑋 is defined in the region 0 < 𝑥 < 2, 𝑋 is a continuous RV.  

𝑀𝑋(𝑡)  = 𝐸[𝑒𝑡𝑋] = ∫
0

2
 𝑒𝑡𝑥𝑓(𝑥)𝑑𝑥  

             = ∫
0

1
 𝑒𝑡𝑥𝑥𝑑𝑥 + ∫

1

2
 𝑒𝑡𝑥(2 − 𝑥)𝑑𝑥 = ∫

0

1
 𝑥𝑒𝑡𝑥𝑑𝑥 + ∫

1

2
 (2 − 𝑥)𝑒𝑡𝑥𝑑𝑥  

             = [𝑥 (
𝑒𝑡𝑥

𝑡
) − 1 (

𝑒𝑡𝑥

𝑡2 )]
0

1

+ [(2 − 𝑥)
𝑒𝑡𝑥

𝑡
− (−1)

𝑒𝑡𝑥

𝑡2
]

1

2

  

             = [1 (
𝑒𝑡

𝑡
) − 1 (

𝑒𝑡

𝑡2) − (
−1

𝑡2 )] + [0 +
𝑒2𝑡

𝑡2
−

𝑒𝑡

𝑡
−

𝑒𝑡

𝑡2
]  
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             = [
𝑒𝑡

𝑡
−

𝑒𝑡

𝑡2
+

1

𝑡2
+

𝑒2𝑡

𝑡2
−

𝑒𝑡

𝑡
−

𝑒𝑡

𝑡2
] =

1

𝑡2
−

2𝑒𝑡

𝑡2
+

𝑒2𝑡

𝑡2
  

𝑀𝑋(𝑡)  =
1 − 2𝑒𝑡 + 𝑒2𝑡

𝑡2
 

To find Mean and Variance: 

𝑀𝑋(𝑡) =
1

𝑡2
[1 − 2 (1 +

𝑡

1!
+

𝑡2

2!
+

𝑡3

3!
+

𝑡4

4!
+ ⋯ )

+ (1 +
2𝑡

1!
+

22𝑡2

2!
+

23𝑡3

3!
+

24𝑡4

4!
+ ⋯ )] 

                   𝜇𝑟
′ = 𝑟! × coefficient of 𝑡𝑟 

       Coefficient of 𝑡 = −
2

3!
+

23

31
=

−2

6
+

8

6
= 1 

     Coefficient of 𝑡2 = −
2

4!
+

24

4!
=

14

24
=

7

12
 

                    𝜇1
′ = 1! × coefficient of 𝑡 

                   𝜇1
′ = 1 

  Mean = 1 

    𝜇2
′ = 2! × coefficient of 𝑡2; 𝜇2

′ = 2 ×
7

12
=

7

6
 

Variance = 𝜇2
′ − (𝜇1

′ )2 =
7

6
− 1 

Var(X) = 
1

6
 

5. Let 𝑿 be a continuous random variable with PDF 𝒇(𝒙)
𝟏

𝟐𝒂
; −𝒂 < 𝒙 < 𝒂. 

Then find the M.G.F of 𝑿.  

Sol: 𝑋 is a continuous random variable defined in −𝑎 < 𝑥 < 𝑎.  

𝑀𝑥(𝑡)  = 𝐸[𝑒𝑡𝑥]  

            = ∫
−𝑎

𝑎
 𝑒𝑡𝑥𝑓(𝑥)𝑑𝑥  
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            = ∫
−𝑎

𝑎
 𝑒𝑡𝑥 1

2𝑎
𝑑𝑥 

            =
1

2𝑎
(

𝑒𝑡𝑥

𝑡
)

𝑎

𝑒𝑥 − 𝑒−𝑥 = 2sin ℎ𝑥  

            =
1

2𝑎
(

𝑒𝑡𝑎−𝑒−𝑡𝑎

𝑡
)  

            =
1

2𝑎

2sinh 𝑎𝑡

𝑡
  

𝑀𝑋(𝑡)= 
sinh 𝑎𝑡

𝑎𝑡
 

 

 

 

 

 

 

 

 

Discrete Distributions: 

(i) Binomial Distribution 

(ii) Poisson Distribution 

(iii) Geometric Distribution 

Continuous Distributions: 

(i) Exponential Distribution 

(ii) Uniform Distribution 
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(iii) Normal Distribution 

 


