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Homogeneous equation of Euler’s and Legendre’s type

dy
p dx

The general form of linear equation of second order is given by

+Qy =R

Where P,Q and R are functions of x only

Linear equation of second order with variable
coefficient

l

d?y
dx?

l

Homogeneous
equation

|

Euler type or
Cauchy —Euler
type

l

Legendre’s type

Homogeneous equation of Euler type (Cauchy type)

Linear differential equation with variable coefficients:

An equation of the form

x"d"y
dx™

n-1 n-2

_ Ld" "y
+ ax" 1dx”‘1 + a,x™ Zm

Where a4, a,, ..., a,, are constants and f (x) is a function of x
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Equation (1) can be reduced to linear differential equation with constant
coefficients by putting substitution
x = et (or) t=log x

dy dy dt 1 dy

Now =
dx dt dx x dt

dy d d d
x2X =2 (or) x=Z= Dy whereD =—
dx dt dx dt

d’y _ d (dy) _d [1 dy]
dx?2  dx \dx/) dxlx adt

x2 dt dx \dt
_-1dy , 1 d?*y (1)
T x2dt  x dt? \x

dx? dt? dt
= (D* = D)y
=D —-1)y

3
Similarly x3 373; =D(D —1)(D —2)yandsoon

Problems based on Cauchy’s type

Examplel

Solve (x2D? + 4xD + 2)y = x* + xlz
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Solution:
Putt =logx = x = et
xD =D

x2D?2 =D(D — 1)

1

~[D(D—1)+4D + 2]y = (e9)* + 758

(D> =D +4D +2)y = e* +e?*
(D*+3D +2)y=e* +e7*
Auxiliary Equationis m?+3m+2 =0
(m+1)(m+2)=0
m=-—1,-2

CF=A4e '+ Be %

L 1 2t
P.I, = ey, Replace D by 2
Popr.
4+6+2
r_ 1 o2t
12
_ 1 -2t -
P.I, = ~raps © Replace D by -2
—1 -2t
0
__t -2t
2D+3
= —te™?t Replace D by -2
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The general solutionis y=C.F+P.I, + P. I,
= Ae t 4+ Be % + 61—2; —te 2t
=Ax"1+Bx? + f—; —x"?logx
Example:2
Solve (x2D? — xD + 4)y = sin(log x)
Solution:
Put t =logx > x=¢et
xD =D
x2D? =D(D —1)
[D(D—-1)—D + 4]y =sint
(D? — 2D + 4D)y = sint

Auxiliary Equationis =~ m2=2m+4=0

2+V4-16
m:
2
_24y/-12
2
=2i22i\/§ —1il\/§
a=1pL=+3

CF= et[A cos V3t + BsinV3 t]

P.I= sint Replace D% by — 1

© D2-2D+4
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1 .
= sint
—-1-2D+4

1 .
= sint
3-2D
342D .
= ——— sint
(3+2D)(3-2D)

__ (3+2D) . 2 _
=,z Sint Replace D by — 1

_ 3sint+2D(sint) .
= sint
9-16(—1)

__3sintt+2cost
25

The general solution is y = C.F +P.|

3sint+2cost

y = et[AcosV3t + BsinV3t| + ~

= x[Acos(v3logx) + Bsin (V3logx)] + 3Sin(l°gx);52 cos(log x)

Example: 3
Solve (x>D? — 2xD — 4)y = 16(log x)?
Solution:
Put t =log=x=e'
[D(D—1)—2D —4]y = 16t2
(D? — 3D — 4)y = 16t2
AEism?>—-3m—4=0
m =-14
C.F=Ae ™t + Be*t

MA3303 PRBABILITY AND COMPLEX FUNCTIONS



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

P.l =— 1 16¢2

"~ D2-3D-4

1

- ()]

-afi- )

4

=16 t2

— 4 '1 + D2;3D + (DZ—BD)Z] +2

r 2 2
I e I
L 4 4 16

= 4|2 +i-2422)
— 4242242
| 4 4 8

= —=(8t? — 12t +13)
The general solution is y = C.F+P.l
y = Ae=t + Be* — (8t — 12t +13)
=Ax"1 + Bx* - % [8(log x)? — 12(log x) + 13]

Example:4
Solve (x2D? — xD + 4)y = x? sin(log x)
Solution:

Put t =logx =>x=e¢et

xD =D
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x2D? =D(D — 1)
[D(D—1)—D +4]y =e?sint
(D? — 2D + 4)y = e?'sint
Auxiliary Equationis m?—-2m+4 =0

2+V4-16
2

m =

_ 242iV3
2

=1+4+iV3

C.F=e'[Acos V3t + Bsiny3 t]

1

= ——c¢e?*tsint
D2—2D+4

P.1

— 2t 1

(D+2)2-2(D+2)+4 o

1 .
= g2t sint
D2 +4D+4—2D—4+4

1 .
= gt Ll it
D24+2D+4

1 .
= el ——  sint
—14+2D+4

1.
= eg?t sint
3+2D

ot 3-2D
(3—2D)(3+2D)

sint

3-2D .
= et —"_gint
9—4D2

__e?(3sint-2cost)
13
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The general solution is y = C.F+P.I

t—2cost]
13

y= et[ACOS\/§t + Bsin \/§t] 4 p2t[3sin

x?(3 sin(log x)—2 cos(log x))
13

= x[Acos(\/§log x) + Bsin (\/§log x)] +
Example:5
Solve (x2D? —3xD + 4)y = x? cos(log x)
Solution:
Put logx = t=>x=¢'
xD =D
x2D%? = DD — 1)
[D(D—1)—3D + 4]y =e?sint
(D? — 4D + 4)y = e?tsint
Auxiliary Equationis m? —4m + 4 =0
m=2,2

C.F=(At + B)e?

P.I = e?tsint
D2—-4D+4
= 5o e?tsint Replace D by D + 2
— p2t :
= e Sy sint
= e”%sin t Replace D by — 1
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= eZt_ilsint = —e?tsint
The general solutionis y = C.F+P.I
y = (At + B)e?t — e?' cost
= (Alog x + B)x? — x? coslog x

Example :6

Solve (x2D? — xD + 1)y = (10;;x)2
Solution:
Put t = logx = x=et
xD =D

x2D? =D(D — 1)

[D(D—1)-D+1]y = (ﬁ)2
(D? — 2D + 1)y = t?e™?t
Auxiliary Equationis m?2 = 2m+1 =0
m=1,1
C.F= (At + B)et

1 -
P.I=— e2tt2
D<“-2D+1

_ 1
~ (D-1)2

e 2t? Replace Dby D —2

-2t 1 2
(D-2-1)2

=e
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=L“:1+%+3(§)2]t2

_e“[,2,2D > 3. 1273
=|¢ +3(t)+9D(t)]

=4t ‘3t2+4t+2]
9 | 3

-2t

= [3t% + 4t + 2]
27
The general solutionisy = C.F +P.I

2t
y = (At + B)e' +—(3t* + 4t + 2)

1

= (Alog x + B)x + =

[3(logx)? — 4logx + 2]
Legendre’s Linear Differential Equation

An equation of the form

dn—ly
dxn—l

n dny n-1
(ax + b) PP + kj(ax + b)

+...+x,y=0..(1)

Where k's are constant and Q is a function of x is called such equations are
reduced by using substitution

ax+ b =et
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t =log(ax + b)

(ax+b)D = aD

(ax + b)?D? = a®>D(D — 1) and so on.

After making these substitution in (1) it reduces to a linear differential equation

with constant coefficients
Problems based on Legendre’s Linear Differential Equation
Example: 1

Solve (3x + 2)2y"+3(3x+2)y' —36y = 3x% + 4x + 3
Solution:

Putt=log (3x+2)

3x+2=¢f x=

(3x+2)D=3D

(3x +2)2D2=9D(D — 1)

[OD(D — 1) + 9D — 36]y =3 (etg‘z)2 +4(D) 41

2t _ t t_
[9D% — 9D + 9D — 36]y = 3M+4(632) +1
2 _ (e?'-4et+4et+4—8+3)
[9D2 —36]y = ;
et—q
T3
(D2 — )y =2

27
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2 _ 1 2t 1
(D 4))}_278 27

Auxiliary Equation is m?2—4=0

=i Replace D by 2

1 -1
P.I, =—— (;) Replace D by 0

-2

~ 108

The general solutionisy = C.F +P.I

_ t
y = Ae?t + Be %t + —e?t + —
108 108

B 5 _y 2logx 1
y=ABx+2)*+BBx+2)7"+ (Bx+2)"— ~+
Example: 2

2
Solve (1 + x)? % +(1+x) % + y = 4 cos[log(1 + x)]
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Solution:
Putt=log (1+x)
(1+x)=¢et
(1+x)?D? =D(D — 1)
[D(D—1)+ D + 1]y = 4cost
[D? + 1]y =4cost

Auxiliary Equationis m2? +1=10

m-=-—1
m = +i
a=0=1

C.F=4cost+ Bsint

P.l = 1+1 4cost Replace D by —1

1
= 4 cost
—1+1

t

= — 4cost
2D

= 2tsint

The general solutionis y = C.F+P.I
y =Acost+ Bsint + 2t sint

y = Acoslog(1 + x) + Bsinlog(1 + x) + 2log(1 + x) sinlog(1 + x)

Example:3
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2d%y dy _
Solve (x + 2) — (x+2)dx+y—3x+4

Solution:
Putx +2 =et
t =log(x + 2)
x=et—2
(x+2)D =D

(x+2)2D2=D(D — 1)
[D(D—-1)—D+1]y=3(ef—2) +4
[D? — 2D+ 1]y = 3et—2
Auxiliary Equationis m? —2m+1 =20
(m=1)?2=0
m=1,1
C.F= (At + B)et

= [Alog (x + 2) + B](x + 2)

1

P.I, = TR 3et Replace D by 1
_ 1 t
= 3(1_1)2 e
=31t
0
__ 3t t |
=300 ¢ Replace D by 1
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3t2
= —et
2
1

(D-1)2

P.I, = (—2e%) Replace D by 0
=2
The general solutionisy = C.F + P.1I; + P.I,
y = [Alog (x + 2) + B](x + 2) +§[log(x +2)*(x+2) -2

Example:4

2d%y dy -
Solve(2x + 2) - (2x + 3) ==f 2y = 6x

Solution:
Put 2x+3 = et
t =log(2x + 3)
(2x +3)D = 2D

(2x +3)2D% = 4D(D — 1)

t_
[4D(D — 1) — 2D — 12]y = 6[623]
[4D? —4D — 2D —12]y =3e‘ -9

[4D? — 6D — 12]y =3et—9
3 1
[p?-2p-3|y =13 -9)

Aucxiliary Equation is m? — %m —-3=0
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C.F=A4e% + Belt

= A(2x +3)*+ B(2x + 3)?

Pl =—r (3—et)

Replace D by 1

3 (-2
3()
4\ 7

-3
e et
14

-3
=E (2X+ 3)

1 -9
Pl = (Te‘)t) Replace D by 0

_ 3
4

The general solutionis y = C.F + P.I; + P. 1,
y = [AQ2x +3)* + B(2x +3)*] — = (2x + 3) +-

Where a = 32@; b

_ 3—57
T4

Example: 5
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2
Solve(1 + x)2 X + (1+x) 2+ y = 2 sin[log(1 + x)]
Solution:

Put 1+ x =e¢t

t =log(1+x)

(1+x)2 =Dy

(1+0?%2=D(D - 1)y
[D(D—1)+ D + 1]y = 2sint
[D2+ 1]y =2sint
Auxiliary Equation ism?+1 =0
m = xi
C.F=Acost+ Bsint

= Acos [log(1 + x)] + Bsin [log(1 + x)]

P.I =

1+1 2sint Replace D?by — 1

D2
1 .
=2 =-sint
0
2t

= —sint
2D

= £sin t
D
= —tcos t

= —log(1 + x) cos[log(1 + x)]
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The general solutionis y = C.F + P.I
y = Acos[log(1 + x)] + Bsin[log(1 + x)] — log(1 + x)cos[log(1 + x)]
Example:6
Solve(2x — 1)2%2 — 4(2x - 1) 2 + 8y = 8x
dx dx
Solution:
Put2x —1 =et
t =log(2x — 1)

dy
d2
(2x — 1)2 ﬁ =4D(D — 1)y

[4D(D - 1) = 8D + 8]y = 8(%2)

[4D? — 4D — 8D + 8]y =4(e* + 1)
[4D? — 12D+ 8]y = 4(et + 1)
=+ by 4 (D2=3D +2)y=et+1
Auxiliary Equationis m?* —3m+2=0
m=2,1
C.F=A4e? + Bet

=AR2x—-1)*+BR2x—-1)

1 t

P.l,=——=~¢
17 p23p42
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= et Replace D by 1

P.I, = _1 e0t Replace D by 0

The general solutionis y = C.F+ P.I; + P.I,

y=AQx —1)2+ B(2x —1) — (2x — 1) log(2x — 1) +§
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