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1.3  GRADIENT, DIVERGENCE, CURL 

Del Operator: 

The del operator(𝛁), is the vector differential operator. In Cartesian co-ordinates, 

𝛁 =
𝝏

𝝏𝒙
𝒂𝒙⃗⃗ ⃗⃗ +

𝝏

𝝏𝒚
𝒂𝒚⃗⃗ ⃗⃗ +

𝝏

𝝏𝒛
𝒂𝒛⃗⃗⃗⃗  

This vector differential operator, otherwise known as the gradient operator. 

▪ The gradient of a scalar 𝑽, written as 𝛁𝑽 

▪ The divergence of a vector  𝑨, written as 𝛁.𝐀 

▪ The curl of a vector 𝑨, written as 𝛁 × 𝐀 

▪ The Laplacian of a scalar 𝑽, written as 𝛁𝟐𝑽 

 

GRADIENT OF A SCALAR 

The gradient of a scalar field 𝑽 is a vector that represents both the magnitude and the 

direction of the maximum space rate of increase of 𝑽. 

The gradient of any scalar function is the maximum space rate of change of that 

function. If the s scalar 𝑽 represents electric potential, 𝛁𝑽 represents potential gradient. 

𝛁 =
𝝏

𝝏𝒙
𝒂𝒙⃗⃗ ⃗⃗ +

𝝏

𝝏𝒚
𝒂𝒚⃗⃗ ⃗⃗ +

𝝏

𝝏𝒛
𝒂𝒛⃗⃗⃗⃗  

𝛁𝐕 =
𝝏𝑽

𝝏𝒙
𝒂𝒙⃗⃗ ⃗⃗ +

𝝏𝑽

𝝏𝒚
𝒂𝒚⃗⃗ ⃗⃗ +

𝝏𝑽

𝝏𝒛
𝒂𝒛⃗⃗⃗⃗  

This operation is called the gradient  

𝛁𝐕 = 𝒈𝒓𝒂𝒅 𝑽 

DIVERGENCE OF A VECTOR 

The divergence of 𝑨 at a given point 𝑷 is the outward flux per unit volume as the 

volume shrinks about 𝑷. 

The divergence of a vector 𝑨 at any point is defined as the limit of its surface integrated 

per unit volume as the volume enclosed by the surface shrinks to zero 

𝛁.𝑨 = 𝐥𝐢𝐦
𝒗→𝟎

 
𝟏

𝒗
∯𝑨. 𝒏⃗⃗ 

𝟎

𝒔

𝒅𝒔 
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It can be expressed as  

𝛁 =
𝝏

𝝏𝒙
𝒂𝒙⃗⃗ ⃗⃗ +

𝝏

𝝏𝒚
𝒂𝒚⃗⃗ ⃗⃗ +

𝝏

𝝏𝒛
𝒂𝒛⃗⃗⃗⃗  

𝑨 = 𝑨𝒙𝒂⃗⃗ 𝒙 + 𝑨𝒚𝒂⃗⃗ 𝒚 + 𝑨𝒛𝒂⃗⃗ 𝒛  

𝛁.𝑨 = (
𝝏

𝝏𝒙
𝒂𝒙⃗⃗ ⃗⃗ +

𝝏

𝝏𝒚
𝒂𝒚⃗⃗ ⃗⃗ +

𝝏

𝝏𝒛
𝒂𝒛⃗⃗⃗⃗ ) + (𝑨𝒙𝒂⃗⃗ 𝒙 + 𝑨𝒚𝒂⃗⃗ 𝒚 + 𝑨𝒛𝒂⃗⃗ 𝒛 ) 

𝛁.𝐀 =
𝝏𝑨𝒙

𝝏𝒙
+

𝝏𝑨𝒚

𝝏𝒚
+

𝝏𝑨𝒛

𝝏𝒛
 

This operation is called divergence 

𝜵.𝑨 = 𝒅𝒊𝒗 𝑨 

Divergence of a vector is a scalar quantity. 

CURL OF A VECTOR 

The curl of 𝐀 is an axial (or) rotational vector whose magnitude is the maximum 

circulation of 𝐀 per unit area as the area tends to zero and whose direction is the normal 

direction of the area when the area is oriented to make the circulation maximum. 

The curl of vector 𝐀 at any point is defined as the limit of its surface integral of its cross 

product with normal over a closed surface per unit volume as the volume shrinks to 

zero.  

 |𝐂𝐮𝐫𝐥 𝑨| = 𝐥𝐢𝐦
𝒗→𝟎

 
𝟏

𝒗
∯ 𝒏⃗⃗ 

𝟎

𝒔

× 𝑨 𝒅𝒔 

It can expressed as  

𝛁 =
𝝏

𝝏𝒙
𝒂𝒙⃗⃗ ⃗⃗ +

𝝏

𝝏𝒚
𝒂𝒚⃗⃗ ⃗⃗ +

𝝏

𝝏𝒛
𝒂𝒛⃗⃗⃗⃗  

𝑨 = 𝑨𝒙𝒂⃗⃗ 𝒙 + 𝑨𝒚𝒂⃗⃗ 𝒚 + 𝑨𝒛𝒂⃗⃗ 𝒛  
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𝛁 × 𝐀 = |
|

𝒂⃗⃗ 𝒙 𝒂⃗⃗ 𝒚 𝒂⃗⃗ 𝒛
𝝏

𝝏𝒙

𝝏

𝝏𝒚

𝝏

𝝏𝒛

𝑨𝒙 𝑨𝒚 𝑨𝒛

|
| 

𝛁 × 𝑨 = (
𝝏𝑨𝒛

𝝏𝒚
−

𝝏𝑨𝒚

𝝏𝒛
)𝒂𝒙⃗⃗ ⃗⃗ − (

𝝏𝑨𝒛

𝝏𝒙
−

𝝏𝑨𝒙

𝝏𝒛
)𝒂𝒚⃗⃗ ⃗⃗ + (

𝝏𝑨𝒚

𝝏𝒙
−

𝝏𝑨𝒙

𝝏𝒛
)𝒂𝒛⃗⃗⃗⃗  

𝛁 × 𝑨 = (
𝝏𝑨𝒛

𝝏𝒚
−

𝝏𝑨𝒚

𝝏𝒛
)𝒂𝒙⃗⃗ ⃗⃗ + (

𝝏𝑨𝒙

𝝏𝒛
−

𝝏𝑨𝒛

𝝏𝒙
)𝒂𝒚⃗⃗ ⃗⃗ + (

𝝏𝑨𝒚

𝝏𝒙
−

𝝏𝑨𝒙

𝝏𝒛
)𝒂𝒛⃗⃗⃗⃗  

This operation is called curl. 

𝛁 × 𝑨 = 𝑪𝒖𝒓𝒍 𝑨 

SOLENOIDAL AND IRROTATIONAL VECTORS 

▪ A vector 𝑨⃗⃗  is said to be solenoidal if its divergence is zero. 

i.e  𝜵. 𝑨⃗⃗ = 𝟎 , then 𝑨⃗⃗  is said to be solenoidal. 

▪ A vector 𝑨⃗⃗  is said to be irrotational if its curl is zero. 

  i.e  𝜵 × 𝑨⃗⃗ = 𝟎 , then 𝑨⃗⃗  is said to be irrotational. 

 


