ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

2.2. MARGINAL AND CONDITIONAL DISTRIBUTIONS
Problems on Conditional distribution:

1. The two dimensional random variable (X, Y) has the joint probability mass

x+2y

X = 0,1,2;y=0,1,2. Find the conditional

functionf(x,y) =
distribution of ¥ for X = x. Also find the conditional distribution of ¥ given
X =1

Solution:

We know that the conditional probability distribution of Y for X = x is

f G) = —f;’(cxj)’) where f(x,y) Is the joint probability function of X and y.

Tofind f(x,y) :

Marginal Distributions

x+2y
27

Given f(x,y) = x=012;y=0,1,2.
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Py(y) =P
X =)
0 1 2
0 0 1 2 3
27 27 27
P(0,0) P(2,0) P(Y=0)
P(1,0)
1 2 3 4 9
Y 27 27 27 27
P(Y =1)
P(0,1) P(1,1) P(2,1)
2 I/ 5 6 15
& 27 27 27
P(Y =2)
P0.2) P(1,2) P(2,2)
6 9 12
Py (x) 27 27 27 1
= P(X P(X = P(X = P(X =
= x) 0) 1) 2)
it TH S Y\ _ f&xy)
The Conditional Probability of Y for X = x is given by f (x) F T

By using the above table we get the conditional probability of Y for X = x as

follows
When x = 0,
P[X= 0,Y=0] 0
P[Y =0/X = 0] po =~ 5, 0
Plx= oy=1] 2/ 1
PlY =1/X = 0] o] 6/23 = =
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P[X=0] 6/27
When x = 1,
Plx=1y=0] _ 1/,;
PlY =0/X = 1] = = —
[ / J P[X=1] %y 9
_ Plx=1Y=1  3/p7 1
Ply =1/% = 1] P[X=1] %7 3

P[X=1] %,, 9
When x = 2,
P[x= 2,y=0] 2/ 1
P[X= 2,Y=1] 4/ 1
P[Y = 1/X = 2] = PIX= 2] — 12/2277 == 5
P[x=2,Y=2] 6/ 1
Table of f(y/x)
Y 0 1 2
X
0 0 3 3
1 5
1 9 9
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o NI

N =

The conditional distribution of Y given X = 1 is given in the table

Y Table of f(y/x = 1)

= 1,Y = 0] /27 l
P[IX=1 9/27 9
= 1Y=1_3/_1
P[X=1 9B 3
= 1,Y=2 °/p7 5
P[X = 1] 9y 9

Y 0 1 2
X
0 0.10 0.04 0.02
1 0.08 0.20 0.06
2 0.06 0.14 0.30
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Find the M.D.F of X and Y. Also P(X <1,Y < 1) and check if X and Y are

independent.

Solution:

The marginal distributions are given in the table below

Y 0 1 2 P(X = x)
X
0 0.10 0.04 0.02 0.16
1 0.08 0.20 0.06 0.34
2 0.06 0.14 0.30 0.50
P(Y = y) 0.24 0.38 0.38 1

Now, P(X < 1,Y < 1) = p(0,0) + p(1,0) + p(0,1) + p(1,1)

=01+0.08+0.04+02 =042

To test X and Y are independent

P(X=0)P(Y=0)=0.16 X 0.24 # 0.1

~P(X=0)P(Y=0)#P(X=0,Y =0)

~ Xand Y are independent.
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Joint Probability distribution function for Continuous random variables of
XandY:

The joint probability distribution function of a two dimension as random variables

(X,Y) is denoted by Fxy (x,y) and is given by
far () 2 0and [ 7 foy (x,¥) dxdy = 1
Properties of joint Distribution Functions:

1. F(—,y) =0 = F(x,0)and F(—, ) =1

2.P(a1 <X<b1’a2 <Y<b2 )=F(b1,b2 )+F(a1,a2)_F(a1,b2)_

F(by,a,)
Marginal Probability density function:

The marginal probability density function of the two random variables X and Y are

defined as follows
) = fx(x) =" fry(x,¥)dy (Marginal pdf of X)

fO) = £ = [° fiy(x,y)dx (Marginal pdf of Y)
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Problems under Marginal density function

1. The bivariate random variable X and Y has the pdf f(x,y) =

Kx*(8—-1vy),x<y<2x,0<x<2 FindK,
Solution:

We know that if £ (x;¥) isa pdfthen [~ fjooo fxy Cx,¥) dxdy = 1

:fozfxz Kx*(8—vy)dxdy =1
B yz 2Xx
=K [ x (8y—7) dx =1
X
2x
:>Kf02x2(16x—%2—8x+x?2) dx =1
X

2x
= Kfoz (16x3 —2x* —8x% + %)x dx =1

2 3x4\ 2%
=K [ (8x3—%)x dx =1
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2. Find “K” if the joint probability density function of a bivariate random

variable Xand Y hasthe pdf f(x,y) = K(1—-x)(1-y),0<x<4,1<y<5

Solution:

We know that if £ (x, y) is a pdfthen [* [* fiy (x,y) dxdy =1

> P KA -0 —y) dedy =1

5 ((1=x)2\*
K[ (= )0(1—y)dy=1

= -~ /9= 1 ~y)dy=1

T 5
== [ —ydy =1

= 4K ((1"“’2): "

= 2K[16 — 0] = 1
= 32K =1
1

> K= —
32

3. The joint pdf of random variable X and Y is given by f(x,y) =

Kxye ®**Y) x> 0,y > 0. Find the value of K and prove also that X and Y

are independent.

Solution:
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We know that if f(x,y) is a p.d.f, then fjooo fjooo fxy (x,y) dxdy =1
Here f(x,y) = Kxye ®**¥) x >0,y > 0
We know that fooo fooo Kxye~C*+Y%) dydx = 1

= fooo fooo Kxye ™ e dydx = 1

= 1’(f0°oye_3’2dyf0oo xe ™ dx =1

=> K%i =1

> K=4

To prove X and Y are independent we have to prove that f(x).f(y) = f(x,y)
Now, f(x) = fy() = [ f(x,)dy

= fooo Kxye ®*+%) dy

= 4xe~ X’ fooo ye ¥ dy

e ()

= 2xe‘x2,x >0

Similarly f(y) = fy(y) = 2ye™",y >0
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Now, f(x).f(y) = 2xe™*’ Zye‘y2
= 4xye X eV’
= 4xye~**+¥9)
=f(xy)
~ X and Y are independent.
4. The joint probability density function of a two dimensional random variable
(X,Y) is given by f(x,y) = xy? +§,O <x<2,0 <y<1Compute (i) P(X >

1/Y <3) () P (¥ <3/X>1) HDP(X <) (iv) P (X +¥ < 1)

Solution:

2
Given f(x,y) =xy2+%,0§x§2,0 <y<l1

P(x>1r<))

1 22, o x?
Now P(X> 1/Y<E) = P(Y—<%): fozfl(xy +?)dx

1 x2y? x3 2
= 2 —_
fo( 2 + 24)1dy

1 1 2 q
- o

=[5y + 1= 2= Lyay

2
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1
_ 5, 3y? 7 _5
Sl by =g

>P(X>1/v<3)=—

1 1o x2
P(Y < )= J& [ (xy? + T)dxdy

_ 1,2 2 . x?
PX> 1= [/ (xy +=)dxdy
o a?y? K3,
= Jo G +3idy
2
_ f1(3L+ 7)dy

0 2 24

1
3y3 7y 19
[— + = =—
23 24lg 24

P(X>1Y<3)

. 1
(i) P(X >1/Y <5) = e

MA3391 PROBABILITY AND STATISTICS



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

24 6
. 1 _P(Y<%,X>1)_ 5 24 _ 5
(“)P(Y<E/X>1)_ P(X>1) BEY AT

(iii) P(X < ¥) = [ 2 (ey? +S)dady

1 x2y2  x3
= [, G+ gdy

1yt »®
= —4+=)d
fO (2 24 Y
y5 oyt 1 _ 53
 lio  96ly 480

(V) PX +Y 1) = f) 37y + D)dedy

L (lely® Ny
_fo( 2 +24)0 dy

_ cl/a=p2y*  (@a-y)3
o fO( 2 = 24 )dy

el ((1=p)2y* | (1=y)3
_IO( 2 I 24 )dy

1/1 1
= [ GO +y =2y + - (1 -y)®)dy
_ 10 yS_yta 1 (a-pt\t_ 18
_2(3+5 4)°+ ( )_

24\ -4 Jy 480
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.. . i . —(x+y)
5. The joint density function of X and Y is f(x,y) = {e TV 0sxy<oo
0 otherwise
Are X and Y independent. Find (i) P(X < 1) (INP(X +Y < 1)

Solution:

) —(x+y)
Given f(x,y) = {e e
0 otherwise

The Marginal pdf of X is fyx(x) = f(x) = ffooof(x, y)dy

= f0°° e~ @Y gy

= e ¥ foooe_y dy

Marginal pdf of ‘x’ is f(x) = e™*
The Marginal pdf of Yis £, () = f() = [° f(x,y)dx

= fOOO e‘(’”‘)’) dx
=e™” foooe_x dx

= e Y[-e™]

©8

Marginal pdf of ‘Y’ is f(y) = e™”
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Now f(x). f(y) = e *.e™V = e~ (*¥+Y)

But f(x,y) = e~**)

~fQy) =) f(y)

Hence X and Y ae independent.
MHP(X<1)= [ [Ze @ dydx
_to—x[e]”
= fo e [_1 f dx
1 _,[]0-1
= fO e x[—_l] dx

e fle_xdx

=—e'+el=1-¢7!
(i) PX+Y <1) = [0 [T e dy dx

—yql1—x
1 _,.[e7™Y
:fex—] dx
0 -11g

= — fol e X [ex_l - eo]dx

= — f01 e *[e* 1 —e%dx
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- _ fol[e_x+x_1 — e~*]dx

=—[e7'x +e7*]}

=—[et+et—-0—e°

=—[2e71—-1]=1-2e7!

6. If the joint pdf of X and Y 'is given by f(x,y) =

{%(6—x—y) 0<x<22<y<4
0 otherwise

Find (@(HPX<1nY<
3)A)P(X<1 /Y <3)
Solution:

We know that ()P (X < 1.nY <3)=f ['f(x,y) dydx

=[5 72 (6 —x— y)dy dx

2

_ 1 01 y 3
=~ [, [6y —xy—==]3 dx

= - [{(18=3x— ) — (12— 2x — D} dx

1,1 9
=§f0(8—x— E)dx

_ l 1, 7-2x
_8f0( 2 )dx
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_ 1 _ 211 & _ 3
= 7x=x"lo= = 3
.-.P(X<1nY<3)=§ ....................... (1)
.. _ P(X<1nY<3)
(iP(X<1/<3) = e (2)

=[5 fy3 (6= x—y)dydx

R y3i3

= [y [6y —xy — =15 dx

= ~ [ {(18=3x — ) — (12— 2x — 2)}dx
~12rg_,_2

—8f0(8 x—>)dx

16—9

= S [{(==)=x}dx

B RN S o RO
= 22 -xdxr] = 1Lx -2 = 2
P(Y<3)=§ ...................... 3)

Substituting (1) and (3) in (2) we get P(X <1/Y <3) =

o | u|oo | w
Ul w

7. If the joint distribution function of X and Y is given by
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1-eHA—-€e?) forx>0y>0

i Find the marginal
0 otherwise (1) g

fy) = {
densities of X &Y.

(if) Are X and Y independent? (ii)P(1 < X < 3,1 <Y < 2)
Solution:

Given f(x,y) = (1 —e™)(1 —e™?)

=1— e —e ¥V +e V)

0%F(x,y)

The joint pdf is given by f (x,) = =2

92
dxdy

= [1- e —e ™ +e &)

- ai [e_y + e_(x+y)] == 0 + e_(x+y)
X

1—-e A —-e?) forx>0y>0
0 otherwise

« foy) = {¢
flx,y) = e
The marginal pdf of X is fyy = f(x) = [ f(x,y)dy

= J-OOO e_(x+y) dy

= [—e G
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The marginal pdf of Y is fyo) = f() = [ f(x,y)dy

— (P, —(x+y)
=J, e dx

= [—e )5

(if) From (1) and (2) we get

fQO-f) = eFe” = e = f(x,y)

Hence X and Y are independent.

((MP(1<X<31<Y¥<2)=PQ1<X<3).P(1<Y<?2) (Since X and Y are

independent)
3 & 2 _
=J e *dx.[ e Vdy

= (=e~)} (-e)}
= (-et+el) (e?+e?)

—eP—et—eg 3472
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