ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

UNIT -V
ORDINARY DIFFERENTIAL EQUATIONS
Introduction:

Differential equations are of fundamental importance in engineering
Mathematics because many relations appear mathematically in the form of such
equations.

An ordinary differential equation is an equation that contains one or
several derivatives of an unknown function which we will call y(x) and which we
want to determine from the equation.

The study of differential equation in applied mathematics consists of three
phases

(i)  Formation of differential equation from the given physical situation

(i)  Solutions of differential equation, evaluating arbitrary constants

from the given conditions.

(ili)  Physical interpretation of the solution

5.2Higher order linear differential equations with constant coefficient
General form of a linear differential equation of the n™ order with

constant

n n-—1 n—2
coefficient is ZTZ kY4 k, Z—y kyy=x .. (1)

dxn—1 xn—2
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Where kj, k», ..., kn are constants it will be convenient to denote the operation
d .
- by a single letter D.

- Y dimi 2, = &Y p3, _ &y
Dy = ™ similarly D<y = dsz'D y=-

x3

etc

The equation (1) above can be written as

D"+ kD" 4+ kp)y =x

e f(D)y = x
Note:
1. =x=[xdx
' D
2. ——x=e¥ [xe ¥dx
D-a
3.  ——x=e " [xeddx
D+a

Result:
1. Di_acp(x):eaxfe‘ax(p(x)dx

2. L(p(x):e‘a"fe""x(p(x)dx

D+a

(i) The general form of the linear differential equation of second order is

d’y _dy
—+ P =R
dx? + dx +Qy

Where P and Q are constants and R is a function of x or constant
(i) Differential Operators

The symbol D stands for the operation of differential
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_dy 2. _d%
Dy_dx’ y_dx2

% stands for the operation of integration

é stands for the operation of integration twice

&y +PY 4 Qy = R can be written in the form
dx? dx
D%y + PDy + Qy = R
(or) (D2+PD+Q)y =R
(iii) Complete solution is y = complementary function + Particular Integral

(iv)To find the complementary function

Roots of A.E C.F

1. |Roots are real and Ae™* 4 BeM2X

different m;,m; (my#=m,)

2. | Roots are real and equal (Ax + B)e™* or (A + Bx)e™*

m;= mM,= m(say)

3. | Roots are imaginary o e**[AcosBx + BsinfBx]

+if

4. | Roots are o< +if3 (twice) e**[(c; + c,x)cosBx + (c3 + c4x)sinBx]
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(V) To find the particular integral

1

Plzﬁx
. P.I
1 e P.l=——e® =™ —;f(a) # 0
" f(D) f(a)’
— ax 1 —N-f
= xe f,(a),f(a) =0;f(@)# 0
g e 1 . — ! — n
=x“e f,,(a),f(a)—O,f(a)—Of (a)#0
2 B m Y il
X P.1 D)
=[f(D)] 7 x"

3 | sinax(or)cosax

4 e o(x)

Expand [f(D)]~* and then operate

Pl=—

=X, 55 [cosax (or)sinax]

Replace D? by-a?

-1 Laxe(x)
P.l. f(D)e
ax 1

=" o )

Problem Based on R.H.S of the given differential equation is zero

Example:5.1

()Solve (D? + 6D + 9)y =

0
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Solution:
Auxiliary Equationis m> +6m+9 =0
m=—3,-3
y=C.F
= (Ax + B)e™3*¥
(ii) Solve (D2 + 2D + 1)y = 0
Solution:

Auxiliary Equation is m? + 2m+1 =0

=(Ax + B)e™*

Example:5.2
Solve (D% + 1)y = 0 given y(0) = 0,y'(0 = 1
Solution:

Auxiliary Equationis m?+1 =10

y = Acosx + Bsinx

y(x) = Acosx + Bsinx ... (1)
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y'(x) = —Asinx + Bcosx ... (2)

Given y(0) = 0
1) = A=0
Giveny'(0) = 1
2 = B=1

1) = ykx) = sinx

Note:
The above problem is called an initial value problem because all the condition

are given at a single pointi.e x = 0

Example:5.3
Solve (D? + 1)y = 0 given y(0) =1,(3) =0
Solution:
Auxiliary Equationism? +1 =0
m? =—1
m= =i
y = Acosx + Bsinx ... (1)
Giveny(0) = 0 equation(1) = A=1
B =20

Giveny(™/,) =0 equation (1) =

The solutionis y = cosx
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Note:
The above problem is called as boundary value problem because the

conditions are given at more than one pointi.e. x =0and x = 1T/2
Example:5.4
Solve (D> +D + 1)y =10
Solution:
Auxiliary Equationism?*+ m + 1 = 0

-1, V3 .
m=—=+—1i
2 2

y = e% [Acos\/z—gx + Bsingx]

Example:5.5
Solve (D® —3D% + 3D —1)y = 0
Solution:
Aucxiliary Equationism3 —3m? +3m—-1=10
m = 1 (thrice)
y = eX[A + Bx + Cx?]
Example:5.6
Solve (D3 +D*+ 4D +4)y =0
Solution:

Aucxiliary Equationism® + m?2 +4m+4=0
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m=-—1, +2i
y = Ae™ + e%*[Bcos2x + Csin2x]
= Ae™™ + Bcos2x + Csin2x
Example:5.7
Solve (D* +4D3 + 8D?> +8D+4)y =0
Solution:
Aucxiliary Equationis m* +4m3+8m? +8m +4 =0
m*+4m? +4+4m3 +8m+4m? =0
(m?+2m+2)2=0

—2+vV4-8
m = 2

=—1+1i (twice)

y = e *[(c, + c,x)cosx + (c3 + c,x)sinx]

Example:5.8
If 1+2i, 1+2i are the roots of auxiliary equation corresponding
to fourth order homogenous linear differential equation F(D)y = 0.Find its
solution.
Solution:
Givenm = 1 + 2i (twice)
y = e*[(c; + c,x)cos2x + (c3 + c4x)sin2x]
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Type | : Problems Based on P.I = f%D)e“"’ Replace D by a

Example :5.9

Solve (D> — D —6)y =3e** +5
Solution:
Auxiliary Equationism? —m—6 =10
(m—-3)(m+2)=0
my =3, my = —2

C.F =Ae3¥ 4+ Be™%*

PI, = D2_1D_6 3et* Replace D by 4

1

E 4x
16-4—6

The general solution isy = C.F + P.I

y = Ae3* + Be ¥ +% et — 2

Example:5.10

Solve (D? + 6D + 8)y = e~ ?*
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Solution:
Auxiliary Equationis m? + 6m +8 =0
(m+2)(m+4)=0
m=-2 m=-—4
CF = Ae™?* + Be™

PI =———e2* Replace D by —2

D2+6D+8

__1 —2x
4—-12+8

= e (fails)

X —2x
2D+6

—-2X
—446

=X

The general solutionis y = C.F + P.1
y =Ae % + Be ™ +§ e X
Example:5.11
Solve (D? — 6D + 9)y = e3*

Solution:

Auxiliary Equationis m?> —6m+9 =0

m—3)(m-3)=0
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m=3,3

C.F=(Ax + B)e3*

1

Pl =
D2-6D+9

e 3* Replace D by 3

==e3*  (fails)

— 1 3x
=X ——e Replace D by 3

=x =% (fails)

1
o
2

= x 3x

The general solutionisy = C.F + P.1
y = (Ax + B)e3* + X;e“
Example:5.12
Solve (D? — 4D + 13)y = e?*
Solution:
Auxiliary Equationis m? —4m + 13 =0

—-b+vb2—-4ac

2a

m =
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=2+ 3i
C.F = e?*[Acos3x + Bsin3x]

— 1 2x
Pl = SrapTa € Replace D by 2

1
=_e2x
9

The general solutionis y=C.F+P.I

y = e?*(Acos3x + Bsin3x) +% e2x

Example:5.13
Solve (D — 2)%y = e**
Solution:
Auxiliary Equation is (m — 2)2 = 0
m=2,2

C.F = e?*[Ax + B]

. 1 2x
P.I = Do’ Replace D by 2
= < (fails)
— 1 2x
=X o5 ¢ Replace D by 2
— X1 |2
T2 [2—2] €
== e (fails)
2
= fo H e = x2_er
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The general solutionis y =C.F+P.l

x262x
2

y = e**(Ax + B) +

Example:5.14
Solve (D? + 7D + 12)y = 14e™3*
Solution:
Auxiliary Equationis = m? +7m + 12 =0
m=-3, m=-—4

C.F=Ae 3 + Be™*¥

1

Pl = ———14e7%*
D?+7D+12
=14 —¢=3* Replace D by -3
9—-21+12
= Ze73x (fails)
0

The general solution is y = C.F + P.1
y = Ae 3% + Be ™ + 14xe™3*

Example:5.15
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Find the Particular Integral (D? — 4D + 4)y = 2*
Solution:
Given (D?—4D+ 4)y = 2*¥
ie, (D—2)2y=2%
= plog2”
— pxlog2

=e (log 2)x

P.l= ﬁ e(1082)x [Replace D by log 2]

_ 1 o (og2)x
(log2—2)2

Example:5.16
Solve (D> —4)y =1
Solution:
Aucxiliary Equation is m? —4 = 0
m= 12

C.F = Ae?* + Be™2*

= _T [Replace D by 0]

The general solution is y = C.F+P.I
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y = Ae®* + Be ¥ —%
Example:5.17
Solve ZZTZ + 43—3; + 5y = —2coshx
Solution:

Aucxiliary Equation is m?>+4m+5=0

C.F =e ?*[Acosx + Bsinx]

Pl =—1 . (—2coshx)

T D2+4D+5

43 1 eX+e ¥
= =2
DZ2+4D+5 2

_ 1
D2+4+4D+5

i |

— 1 _5X
P.li= D2+4D+5 (=e™)
—_ -1 X
= sirapis® [Replace D by 1]
= __1€x
10
— 1 X
Pl = D2+4D+5( e™)
-1 _
=Tl [Replace D by —1]
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-1 _
= —e7 ¥
2

The general solutionis y=C.F +P.1

-2 . e* e7*
y = e “*[Acosx + Bsinx] — TS

Example:5.18
Find the P.1 of (D? — 1) y = (e* + 1)?
Solution:
Given (D? — 1)y = (e* + 1)?
=(e¥)?+ 1+ 2e*
= e?* + e%+2e”

Pl = 11er Replace D by 2

=L e0x Replace D by 0
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=2

D2-1

— 1 H
=2 :ex (fails)

= 2x$ex Replace D by 1

P.l =P.li+Pl,+P.ls

1
=§e2x—1+xex

Type II:
L I 14
Problems Based on P.I = rp) Sinax (or) . (D)-eosax
Example : 5.19
By gl
Solve ——= + 4~ = sin2x
Solution:

Aucxiliary Equation is m3® + 4m = 0

=0, =2

L ex Replace D by 1

Replace D? by - a2

C.F = Ae® + e%[Bcos2x + Csin2x]

1 )
P.l= sin2x
D3+4D

MA3303 PROBABILITY AND COMPLEX FUNCTIONS



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

— - 2 hy -

= born sin2x Replace D~ by -4
= Dara) sin2x

1. :
= 551n2x (fails)
— - 2 by -
=Xt sin2x Replace D~ by -4
= X. YAy sin2x

= Zsin2x
8

The general solutionis y=C.F+P.I

y = A + [Bcos2x + Csin2x] — gsian
Example :5.20
Solve (D? — 4D + 4)y = e** + sin’x
Solution:
Auxiliary Equationis m? —4m + 4 =0
m—-2)(m—-2)=0
m=22

C.F = (Ax + B)e?**

1

P.I= e?* 4+ sin’x
D2—-4D+4 [ ]
- 1 [er n 1—c052x]
D2—-4D+4 2
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Pli= —— 2% Replace D by 2

D2-4D+4

=<e?  (fails)

= x.—— ¥ Replace D by 2

P 1e2x
2
- 1 1\ _ox
P.l, = = (2) e Replace D by 0

L 1

8

. 1 -COS2x 2
P.l3 —D2_4D+4( 5 ) Replace D*by -4

= 1 (—cost)
—4—-4D+4 2

_ 1 (—cost)
—-4D 2

1
= —Co0S2x
8D

= %f cos2x dx

_ 1(sin2x)
g\ 2

1 .
= —sin2x
16
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The general solution y = C.F + P.I1+ P.I,+ P.l3

%2

y = (Ax + B)e? + e + = + —sin2x
Example :5.21
Solve (D? — 4D + 3)y = sin3x cos2x
Solution:
Auxiliary Equationism? —4m +3 =0
m-—1)(m=3)=0
m=1m=3
C.F = Ae* + Be3*

P.l [sin3x. cos2x]

 D2-4D+3

- 1 [sin(3+2)x+sin(3—2)x]
D2-4D+3 2

_ 1 [sin5x+sinx]
D2-4D+3 2

P.l,= lsinSx) Replace D? by —25

D2—-4D+3 (2

! (l sinSx)

T _25-4D+3 \2

1 1 .
=- ———sinbx
2 (-22-4D)

=12 (sin5x)

4 11+2D

-1 1 11-2D, ,
= —. (sin5x)
4 "11+2D 11-2D
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-1 [1lsin5x—2D(sin5x)

4 112—(2D)?

-1

11sin5x—10c0s5x) 2 _
= - [ TRy Replace D¢ by —25

-1 (1lsin5x—10c055x))
4 221

P.l;= 8%4(115in5x — 10cos5x)

lsinx) Replace D? by —1

Ply= ———
2™ D2=4D+3 \2

1 1 .
- (—SlIlX)
—1-4D+3 \2

1 e o
+ (— SlIlX)
2—4D \2

1 :
= ———sinx
4(1-2D)

1 1+2D
1-2D 1+2D

1 /
—— Sinx
4

1 142D

7 ooz Sinx Replace D? by —1

__ 1 sinx+2D sinx
T4 1-4(-1)
1, .
=2 (sinx + 2cosx)

The general solution y = C.F + P.lI; + P.1,

y = Ae* + Be3* — ﬁ(llsinSx — 10cos5x) + % (sinx + 2cosx)

Example :5.22

Solve (D? + 1)y = sinx sin2x
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Solution:

Auxiliary Equationism? + 1 =0

C.F = Acosx + Bsinx

1
D2+1

P.l

(sinxsin2x)

D2+1 2

- _1 [cos(—x)—cos(3x)

T D241l 2 2

1
N
c|H
N

3
N I'q
b
N——

Il

|
olr

o

(@]

wn

=

= = [ cosx dx

= - sinx

P.I,= 1 (—cos3x)

D2+1 2
_ 1 (—cosBx)
-9+1 2
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1
= — cos3x
16

The general solutionisy = C.F + P.l3 + P.I,

X 1
y = Acosx + Bsinx + Zsinx + Ecos3x
Example :5.23
Find the P.I of (D?+4) y = cos2x
Solution:
P.I = —— cos2x Replace D? by —4
= COS 2x
—4+4
= =cos2x (fails)
= xicos 2x
2D
= X cos2x
D
I
= 2 [cos2xdx
= e LU X sin2x
2 2 4
P.I = Zsin2x
4
Example :5.24

3
Find the P.1 of &2 + 4% = sin2x
dx dx

Solution:
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P.l = sin 2x

D3+4D

sin 2x

- D(D?+4)

sin 2x

D(—4+4)

= X sin 2x

3D2%2+4

X sin 2x

3(—4)+4

sin 2x

X
—-12+4

-X .
?sm 2X

P.l _?x sin 2x

Example :5.25

Find the P.1 of (D3+1) y = cos(2x —

Solution:

1
D3+1

P.l =

cos(Z2x — 1)

1
D.D2+1

cos(2x — 1)

1
1-4D

cos(2x — 1)

1 1+4D
1-4D 1+4D

1+4D
1-16D?

cos(2x — 1)

144D
T 1-16(-4)

cos(Zx —1)
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= 0 cos(Z2x —1)

1+64

= —(1+4D)cos(2x — 1)

— é [cos(2x — 1) +4D (cos(2x — 1)]

6—15 [cos(2x — 1) +4 (—sin(2x — 1)(2))]
P.I = 6—15 [cos(2x — 1) —8 sin(2x — 1)]
Example :5.26
Solve (D?-D+1) y = sin’x
Solution:

Auxiliary Equationis m? — m + 1 =0

1+ v1—-4
m =

i /3

I
2

\V]

1
C.F = e?* [A cosgx +B cosgx]

Pl = — sindx
D2_D+1

_ 1 [3sinx—sin 3x]
© D2-D+1 4

3 .
=Sinx

P.L = D2-D+1 [4 ]

Replace D?by — 1
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1 3 .
= —[—SIHX]
—-1-D+1 L4

1 3 .
= ——.=-SInx
-D 4
- 1 .
=— . =SInx
4 D

:_Tgfsinxdx

P.I, = _73 (—cosx)

P.1, ! [_Smsx] Replace D2by — 9

T D2-D+1l 4

_ 1 [—sinSx]
-9-D+1 4

- [—sin3x]
~ -8-Dl 4

O\l VYN
4 8+D 8—-D

1 [8 sin 3x—D(sin 3x)
4 64—D?2

_ 1 [8 sin 3x—3 cos 3x]
4 64—(-9)

_ 1 [8 sin 3x—3 cos 3x]
T4 73

= (8sin3x — 3 cos 3x)
292
The general solution y = C.F + P.I; + P.I;
1
y = e?* [A cosﬁx +B COSEX] +2cosx + L[85in 3x — 3 cos 3x]
2 2 4 292

Type I11: Problems Based on R.H.S= e + sinax (or) e + cos ax
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Example :5.27

Find the particular integral of (D? + 2D + 2) y = e 2* + cos 2x
Solution:

— 1 —2X
P.I; ==
D<+2D+2

= (Replace D by —2)

T 4-4+2

1
=-e
2

CoS 2x

P.l =
2 D2+42D+2

— 1 ein
D2+2D+2

—RP———— pi2x Replace D by i2

TT(i2)2+2(i2)+2

1 h
: ele
—4+4i+2

=R.P

=R.P ;—; + _?11] (cos2x + isin 2x)
= L cos2x + Lsin 2x
10 5

The general solution y = C.F + P.l; + P.1;

1 1
= e *[A B si ~ 72X 4 — §in2x — — C0S2
y = e *[Acos x + smx]+2€ +55mx 1o Cos2x

Example :5.28
Solve (D2 — 3D + 2)y = 2cos(2x+ 3) + 2e*

Solution:

MA3303 PROBABILITY AND COMPLEX FUNCTIONS



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

Auxiliary Equationis m? —3m+2=0

=2 e* Replace D by 1

=2 ze* (fails)

=2x—e* Replace D by 1

= —2xe”*

1
D2-3D+2

P.l,= 2 cos(2x+ 3)

= 2———cos(2x+3)  Replace D? by —4

—4—-3D+2

1
—3D-2

=2 cos(2x + 3)

=o—— 3P*2 0s(2x + 3)
—3D-2 -3D+2

—3D+2
9D%—4

=2

cos(2x + 3) Replace D? by -4

—3D+2
-40

=2

cos(2x + 3)

_ —3D+2
= — cos(2x + 3)

= 6sin(2x + 3) + 2cos(2x+ 3) /—20
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= —1—10cos(2x +3) — %Osin(Zx + 3)
The general solutionis y=C.F+P.l1+P.l;
y = Ae* + Be?* — 2xe* — 1—10COS(2X +3) — %Osin(Zx + 3)
Example :5.29
Solve (D3 — 2D?% + 4D — 8)y = e** + %sian
Solution:
Auxiliary Equationis  m3 —2m? +4m —8 =0
m?*(m—-2)+4(m—-2)=0
(m—-2)(m?*+4)=0
m=2m==+2i

C.F =A4e?* + e%[Bcos2x + Csin2x]

P.l; = mezx Replace D by 2
= 8—818—862)6
= Ze (fails)
=x mezx Replace D by 2
— 1 2x

- X 3(4)—4(2)+4

X
— X p2x
8
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1 1 .
Pl, = = . ——sin2x
2 D3-2D2+4D-8

l | 1 ein

D3-2D2+4D-8

_ 1 i2x

2 1P (i2)3-2(i2)2+4(i2)-8

1

i i2x
2 " -8i+8+8i-8
=~ 1P el
270
=X 1 i2x
2 3D%2-4D+4
= X|P 1 i2x
2 3(20)2-4(20)+4

_ X
2

x [-1 . 1
== [—stx e et cost]
2 l16 16
X -
=5 (cos2x — sin2x)

The general solution is y = C.F + P.l1 + P.1;

Replace D by i2

(fails)

Replace D by 2i

=¥ - ||m=y! ii] (cos2x +isin2x)
16 16

y = Ae** + e%*[Bcos2x + Csin2x] + gezxt:—z (cos2x — sin2x)

Type IV : Problems Based on R.H.S = Polynomial in x

Binomial expression

I+x)t=1—-x+x2—x3+ ...
QI=—x)T=1+x+x2+x3+ ...

(1+x)2=1—-2x+3x%>—4x3+ ...

MA3303 PROBABILITY AND COMPLEX FUNCTIONS



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

(1-x)"2=142x+3x%+4x>+ -
Example:5.30

Solve y''+4y'+ 5y =3x—2
Solution:

Aucxiliary Equationis m? + 4m +5 =0

—4++/16-20
m=———
2
_ —4t/-4
2
e 24
2
=2, 8=1

C.F = e7?*[Acosx + Bsinx]

P.I= D2+4D+5 o
= m (3.7( — 2)
5
_§P+D+w] (3x — 2)
[1 _ D2+4D] (3x —

=§[1—%2—%1<3x—z>
=Bx-2-26x-2)-23x-2)|
=13x-2-0-1(3)]
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1 [15x—1o—1z]
" s 5

1
The general solutionis y = C.F +P.F
1

y = e ?*[Acosx + Bsinx] + 55 [15x — 22]
Example:5.31

@’y _ gdy 27

Solve - —5--+6y =x"+3
Solution:
(D> -5D+6)y = x*+3

Auxiliary Equationism? —5m +6 =0

m =3,2

1
Pl = Z
: D2-5D+6

1 2
X
2_
6[1+D SD]
6
-1
1 D%2-5D
=—[1+ ] x?
6 6

= 2[1- (252 4 (222 ]

2
=2[1-Z+ 2+ Zp?|x?
6 6 36

6
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2042 2

=zl —g+5“" <2>]

The general solutionis y =C.F +P.1; +P.I,
19

y =Ae3"+Be2"+%[x2 +§x+E] +%
Example:5.32
Solve (D*+8)y = x*+2x +1
Solution :
Aucxiliary Equation is m 3+ 8 =0
m=-2m? —2m+ 4 =0

_ 1+iV3

1 3
a=; F=73

CF=Ae % + Bez [Bcos—x + Ccos — \Fx

P.l= (x* 4+ 2x + 1)

D38
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= (x*+2x+ 1)

D3
8[1+%|

1 p317 1 4
=-[1+2] @*t+2x+1)

2

1|, Dp®, (D3 4
—51—?4'(?) ](X +2X+1)

_1[1 _ D] ya
=-[1-Z| @t +2x+ 1)

3
=§[(x4+2x+1)—%(x4+2x+1)]

=§[x4+2x+1—%]

[x* + 2x + 1 — 3x]

el N

[x* — x + 1]

Q| =

The general solutionis y =C.F + P.1
1
y = Ae™%* + B2* [Bcos?x + Ccos?x] +%[x4 —x + 1]

Example:5.33
Solve (D? — D)y = x
Solution:
Aucxiliary Equation ism? —m =0
mm—1)=0
m=0,1

C.F=A4e% + Be* = A + Be*
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Pl=—x

D2-D

1
“ Do~

1
~Toa-o) ¥

S T e |
- L(-p)
= —[1+D+D?+]x

==[1+D(x)]

=%1[x+1]

= —(x+1)
[+

The general solution is y = C.F +P.l

2

y= A+ Be* — x; — X
Example:5.34
Solve (D* — 2D3 + D?)y = x3
Solution:
Aucxiliary Equation is m* —2m3 + m?2 =0
m?(m? -2m+1)=0

mi(m—-1%2=0
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m = 0,1 (twice)
C.F=(4 + Bx)e® + (C + Dx)e*
= A+ Bx+ (C + Dx)e”*

1
Pl = ————x3

D*-2D3+D?

1 3
= x
D2(D2-2D+1)

— 1 x3
"~ D2[1+(D2-2D)]

= =1+ (D?=2D)]"'x3
= —[1— (D? = 2D) + (D? = 2D)? — (D? — 2D)* + — — —]x®
= —[1—D?+ 2D + D* = 4D + 4D? + 8D%]x
= = [x® — 6x + 6x% — 24+ 24x + 48]
= %[xg’ + 18x + 6x2 + 24]
1 [x* 18x2

L

3
+6i+24x]
D14 2 3

5 4
=2 +3x3 + = + 12x2
20 2
The general solutionis y = C.F + P.I
5 4
y =A+Bx+(c+Dx)e"+’2‘—0+3x3 +"7+12x2
Example:5.35

Solve (D3 —3D?* —6D +8)y = x

MA3303 PROBABILITY AND COMPLEX FUNCTIONS



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

Solution:
Auxiliary Equationism3® —=3m3 —6m +8 =10
m=1 m=-2 m=4
C.F=Ae* + Be™%* + ce®™

P.l = !

e
D3-3D2-6D+8

1
D3-3D2-6D
8

= X
oo

- o

1- () s,

D3—3D2—6D]_1
8

el

= [1+%]x

[+

The general solution y = C.F + P.I

el

Q|+

y = Ae* + Be ?* 4 Ce™ +§[x +%]
Example:5.36
Solve [D? — 4D + 3]y = cos2x + 2x?
Solution:
Aucxiliary Equationism? —4m+3 =0
m=1,3

C.F= Ae* 4+ Be3*
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P.l =

= — coS2x
D2-4D+3

- - 2 _
e co0S2x Replace D* by — 4

COS2x

—1-4D

1
= COS2x
—(1+4D)

(1-4D)

'_'_(1+4DX1—4D)COSZX

1-4D
=_ ) COS2X
1-16D?2

_ _(c052x+85in2x) 2 _
= T - Replace D< by — 4

P.ly = ;—; (cos2x + 8sin2x)

1
D2—-4D+3

P.|2=

(2x2)

1

= 0 (22%)

2_
3(1+D 34D)

D%—-4D
3

=11+ ]_1 (2x2)

1 D?-4D D%-4D\? 2
- E[l'_ 3 +( 3 ) ](Zx )

1 D2 4D | (4D\? 2
—5[1—?+?+(?)](2x)

— 1,2 _1p29,2y 2 2y 4 1612092
-3[2x 3D (2x )+—3D(2x )4—9 D*(2x ﬂ

:§[2x2 — = (4) +> (4%) +%(4)]
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1 [18x2—12+48x+64]
9

w |

= % [18x2 + 48x + 52]
The general solutionis y = C.F + P.l; + P.1;

y = Ae* + Be3* — — (cost + 8sin2x) +

Example:5.37
Solve (D% + 4)y = x* + cos*x
Solution:
Auxiliary Equationis m? + 4 =0
m=+J/—4
= +2i

C.F = Acos2x + Bsin2x

1
P.l,= x4
1 D244
1 4
= X
2
4(1+D_)
4
-1
1 D?
=- (1 + —) x*
4
2
1 D? (D2
“p-5 e
4 \ 4
1[4 D (x4) D4(x4)]
=-|x
4l
[ 12x%2 24
Y 24)
| 4 16
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1 3
=—[x4 — 3x? +—]
4 2
1 4 2
=3 [2x* — 6x° + 3]
P.l, = ——cos*x
D2+4
1 (1+0052x)
T D2+4 2
1 1 1 cos2x
=—— ™+ —
D244 2 D244 2

Replace Dby 0 ;  Replace D? by -4

1 1 COS2X

8 —4+4 2

=+ =222 1L (fails)
8 0 2

1 X COS2X
-5+ 59
8 2D 2

1 X [Ssin2x
-i+3 (5
8 2 4

1 X .
=-+=sin2x
8 8

The general solutionis y=C.F + P.I; + P.I;

y = Acos2x + Bsin2x + % (2x* —6x%2+3) + % + gsian

Type V: Problems based on R.H.S e®*F(x)

— 1 ax
P.l = oo © F(x) Replace x by D+a
— ax 1
= e f(D+a)F(x)
Example:5.38
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Solve (D% + 6D + 9)y = e %*x3
Solution:
Aucxiliary Equationis m?> +6m+9 =0
(m+3) (m+3)=0
m=-3,—3

C.F= (4 + Bx)e3*

_ 1
D2+6D+9

P.1

e 2%x3 Replace D by D — 2

—2x 1 o
(D-2)2+6(D—2)+9

=e

—2x 1 %3
D%2—4D+4+6D—12+9

. 1 3
D2+2D+1

_ 1
2x x3
1+(D%2+2D)

=e %[1 + (D% +2D] 1x3

= e *[1=(D?+2D) + (D* + 2D)* — (D* + 2D)*]x®

= ¢~2%[1 — D2 — 2D + D* + 4D3 + 4D? — 8D3]x3

=e [x3 = D?*(x3) — 2D(x3) + 4D3(x3) — 4D?*(x3) — 8D3(x3)]
= e 2¥[x3 — 6x — 2(3x%) + 4(6) + 4(6x) — 8(6)]

= e %[x3 — 6x — 6x% + 24 + 24x — 48]

= e #¥[x3 — 6x% + 18x — 24]
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The general solutionis y =C.F+P.Il
y = (A + Bx)e3* + e 2*(x3 — 6x% + 18x — 24)
Example :5.39
Solve (D% + 1)y = xsinhx

Solution:

Auxiliary Equationis m? +1 =0

C.F = Acosx + Bsinx

1 )
P.l = ——xsinhx
D2+1

=5 [+ ()

1 1 1 _
= —[ xe* — xe x]
2 1D2+1 DZ+1

Replace by D +1; Replace Dby D — 1

1

=-let——x—€e" ——
2 (D+1)2+1 (D-1)%2+1

1[ o 1 e 1
=-le x—e X
27 p2+2p+2 D2-2D+2

1 x 1 x]

_ %[exmx ~ ()

_1 e_x _1

[ ) e S )
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- (=) - (5

= % [xsinhx — coshx]

The general solutionis y = C.F +P.I

y = Acosx + Bsinx + % (xsinhx — coshx)

TYPE VI:

Problems based on f(x) = x" sin ax orx™ cosax P.I =

1 n o3 n
— X" sinax or x" cosax
f(x)

Example 5.40
Solve (D? + 1)y = xsin x
Solution:
Aucxiliary Equationism? +1 =10
m?+1=-1
m= =i

C.F =Acos x + Bsin x

xsin x

Pl =

D241
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1
D241

xI.Pof e Replace D byD + i

=1I].Po eix — X
f (D+i)2+1
! X
D242Di+i%2+1

=I1.Pofe™

1
—_— X
D242Di+i%2+1

=I1.Pofe™

=].Pofe™ X
f D242Di

— ix i 2 7t
= I.P ofe o (1+2i) X

= [.Pofe™ — (x bt D(x))

2Di 2

2

= [.P of (cosx + i sinx) (%+£)

—x2

= I.P of(cosx + isinx) ( i+f)

4 4

—ix? xcosx  x2sinx | ix sinx
=[P of( cosx + ~— + )
4 4 4 4
~x? xsin x
= Tcosx -

The general solutionis y=C.F +P.1

2

. X xsin x
y = Acosx + Bsinx — :COSX +

Example:5.41
Solve (D? — 4D + 4)y = 3x*e**sin 2x

Solution:
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Auxiliary Equationism? —4m +4 =0
m=2,2

C.F=(4 + Bx)e**

_ 1 22X i
—m3xe sin 2x

P.1

1

2 .
x“sin2x
(D+2)2-4(D+2)+4

= 3e?*

1 .
= 362"5 x%sin2x

1 .
- 3e2"§ x2I.P ofe'?*

— 2,2 i2zx 1 2
= 3e“*l.P ofe Drzp X

= 3e?[.Pofe"*

L 2x i2zx 1[4 _
= 3e“*].P ofe _4[1 7

—Aas T
2
[1 D -;401]

D%+4Di

D%+4Di

Replace Dby D + 2

Replace D by D + 2i

-1
xZ

2

— 2,2% e L
= 3e“*].P ofe _4[1+( v

)+ (29

+ ...:|_x2

r_ 2x inL D_Z 7 2 2
=3e”*I.Pofe!™ —|1+—+Di+ D% (x?)

3

= _Tgesz.P of (cos 2x + isin 2x) (x2 + 2xi — %)

ezx .. 2 1 .
=— I.Pof(c032x+lsm2x)(x +E+12x—2)

= _Tgesz.P of (x? cos 2x + i2x cos 2x —%cos 2x + ix?sin2x —

: .3 .
2x51n2x—1551n2x)
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_3er 2 3 .
=— 2 xcos2x + x szan—ESIan

The general solution y = C.F + P.1
y = (A + Bx)e?* — %ezx [Zx cos 2x + x?sin 2x — %sin Zx]
Example:5.42
Solve (D?* — 2D)y = e*x*cos x
Solution:
Auxiliary Equationis  m? —2m =0
mim=2)=0
m=0m=2
C.F = (4e®* + Be?)
= A+ Be?*

P.l =

X2
~5p € X C0SX Replace Dby D + 1

1
(D+1)2-2(D+1)

= e¥ X2 coS x

1
D242D+1-2D-2

— pX

x% cosx

1
D2-1

X

=e x2R.P of e¥*

=e*R.P ofeixﬁ x? Replace Dby D + i

; 1
= e*R.P of e ———— x?
D?+2Di-1-1
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= e*R.P ofe™ ] x?

2 .
2[1_0 sz

pz+2pi] L
- x

= e*R.Pofe™ —[1-
X . 2
=S R.Pofe™ |[1+2+iD - D?|x?
-2 2
= i—ZR.Pof(cosx + isin x) (x? + 2xi — 1)

e* . . .
=—R.P of (x% cosx + i2x cos x — cosx + ix?sinx —

2xsinx —isinx)

X

e A
= —Z[xzcosx — cosx — 2x sin x|

The general solution is y = C.F+P.I
y = (A + Be*) —ez—x [x% cosx + cosx — 2x sinx]

Example:5.43

Solve (D? — 2D + 1)y = xe*sinx
Solution:

Auxiliary Equationis m? —2m+1=0

m=1,1
C.F=(A+ Bx)e*

P.l x e*sin x

"~ D2-2D+1

1 .
= I.Pof 5—— xe*e"”
D2-2D+1
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o (1+0)x

= I.Pof

D2-2D+1

= I.P of xe(1HD)x Replace Dby D + 1 +i

(D- 1)2

= a+dx___ 1
=LpP ofe (D+1+i-1)2

— A+idx -
= [.P ofe (D+1)2

-2
_ (+ix L b
= 1.P ofe i2[1+ i] X

= [.Pofe(1*Dx(—1) (x — %)

= [.Pofe¥e™ (=1)(x + 2i)

= —e*(xsinx + 2 cos x)
The general solution isy = C.F + P.1

y = (A+ Bx)e* —e*[xsinx + 2 cos x]
Example: 5.44
Solve (D? + 4)y = x?* cos 2x
Solution:
Auxiliary Equationis m?+4 =10
m = 12i
C.F=(Acos 2x + B sin 2x)

P.l =

R.P of x%e'?*
D2+4 f

; 1
= R.P of e** ——— x?
f (D+2i)2+4
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= R.P ofe'?* ! - X
2
D2+4Di

—RPofelzxil[1+ 27 2
4iD 41

G (O

_x3 X . .
(—+ )1+—x][c052x+lsm2x]
12 . 32

| [(%+ ;2) sin 2x ——x coS ZX]

The general solution is y = C.F+P.I

. e x3 ., X .
y =Acos2x + Bsin2x + —cos 2x + —sin 2x — —sin 2x
16 12 32
Type VII: Problems based on ﬁf(x) =e™ [e ™ f(x)dx
Example:5.45

Solve (D? + a?)y = secax

Solution:
Aucxiliary Equationis m? +a%? =0

m = tia

C.F=(Acos ax + Bsinax)
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1
Pl = secax
D?+a?

=—————Ssecax
(D—-ia)(D+ia)

1 1
= <—2“? — 2d )sec ax
D—ia D+ia

1 . s 1 _ .
=—e!¥ [ e gecax dx ——e ' [ '™ secax dx
2ia 2ia

[ D_; x =e™ [ xe ™ dx]

-1 iax — i _ 1 —iax i
= (1 —itanax) dx o [(1 + itan ax) dx

= = glax f(x— élog secax) - i e ¥ [(x+ élog sec ax)

2ia

X (elax_e—mx
2

elax+e—tax)
a

)—%logsecax ( .

i
X . 1
= =Slnax — —cosax log secax
a a
The general solutionis y =C.F+ P.I
! . 1
y = Acos ax + Bsinax + gsm ax —— cosax log sec ax

Example:5.46

Solve + m+2y—e

Solution:
Aucxiliary Equationis m?> +3m+2=0
m = —1,-2

CF=(Ae™ + Be %)
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1
Pl =————e°

" D243D+2

X

ex

=[omemle

_ 1 1 eX
D+1 D+2

— 1 eex _ 1 eX
D+1 D+2

=e ¥ [e¥e® dx — e72* [e?¥e®” dx
Takez =e”* dz = e*dx
=e ¥ [e*dz— e ** [ze* dz
_f e—x ez_ e—Zx [Z ez 1 ez]
— ¥ e — ¥t @ 2% 4 o—2x ge¥

—x 6% X r x
— X’ o¥a€" 4 2% ge

The general solutionis y = C.F + P.1

y=Ae* +Be 2 4 e 2%
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