ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

UNIT -1V
COMPLEX INTEGRATION
LINE INTEGRAL AND CONTOUR INTEGRAL
If f(z) is a continuous function of the complex variable z = x + iy and C is
any continuous curve connecting two points A and B on the z — plane then the

complex line integral of f(z) along C from A to B is denoted by fC f(2)dz

When C is simple closed curve, then the complex integral is also called as a

contour integral and is denoted as 5ﬁc f(z)dz. The curve C is always take in the

anticlockwise direction.

Note: If the direction of C is reversed (clockwise), the integral changes its sign

(ie)jﬁc f@)dz = - § £ Gz

Standard theorems:
1. Cauchy’s Integral theorem (or) Cauchy’s Theorem (or) Cauchy’s
Fundamental Theorem
Statement: If f(z) is analytic and its derivative f'(z) is continuous at all

points inside and on a

simple closed curve C then gﬁc f(z)dz=0

2. Extension of Cauchy’s integral theorem (or) Cauchy’s theorem for

multiply connected Region Statement: If f(z) is analytic at all points inside
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and on a multiply connected region whose outer boundary is C and inner

boundaries are C,, C,, ..., C,, then

j f(z)dzzf f(z)dz + f(z)dz+---+f f(2)dz
c c ) Cn

3. Cauchy’s integral formula
Statement: If f(z) is analytic inside and on a simple closed curve C of a
simply connected region R

and if ‘a’ is any point interior to C, then

(it f(2)
fa) _Znij; z—adz

(OR)

j f&) dz = 2ni f(a),

Z—Qa
the integration around C being taken in the positive direction.
4. Cauchy’s Integral formula for derivatives
Statement: If f(z) is analytic inside and on a simple closed curve C of a
simply connected Region R

and if ‘a’ is any point interior to C, then

%dz = 2mif'(a)
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ﬂ dz = 2mif" (a)

. (z—a)d

In general, |_ f(z))n dz = 2mif "~V (a)

(z-a
Problems based on Cauchy’s Integral Theorem
Example: 4.1 Evaluate f03+izzdz along the line joining the points (0, 0) &(3, 1)
Solution:
Given f03+iszZ
Letz=x+1iy
Here z = 0 corresponds to (0, 0) and z = 3 + i corresponds to (3, 1)
The equation of the line joining (0, 0) and (3, 1) is
y = g = x =3y

Now z2dz = (x + iy)?(dx + idy)

= [x? — y? + i2xy][dx + idy]

= [(x? — y?) + i2xy][dx + idy]

= [(x? — y®)dx — 2xydy] + i[2xydx + (x? — y?)dy]
Since x = 3y = dx = 3dy

~ z%dz = [8y?(3dy) — 6y%dy] + i[18y?dy + 8y?dy]
= 18y%dy + i26y2dy

f03+izzdz = f0’[18y2 + i26y2]dy
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2 37/
y . y
- [18 Y 426 —]
3 31p

=6+i=
Example: 4.2 Evaluate fOZH(x2 —iy)dz
Solution:

Letz=x+1iy

Here z = 0 corresponds to (0, 0) and z = 2 + i corresponds to (2, 1)
Now (x2 — iy)dz = (x? = iy)(dx + idy)

= x%dx + ydy) + i (x’dy — y dx)
Along the path y = x2 = dy = 2xdx

o (x? —iy)dz = (x%dx + 2x3dx) + i(2x3dx — x%dx)
f02+i(x2 —iy)dz = foz(x2 + 2x3)dx + i(2x® — x?)dx
3 472 4 3
x zi]o p[at _x ]0

3 4

4 3

-G ()
3 2 2 3

32 , 16
=—+1—
3 3

1
Example: 4.3 Evaluate | ez dz,where C is |z| = 2

Solution:

Let f(z) = e§ clearly f(z) is analytic inside and on C.
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1
Hence, by Cauchy’s integral theorem we get fc ezdz =0

1
Example: 4.4 Evaluate [ z*ezdz,where Cis |z| = 1
Solution:

Given[ z?e'/?dz

=fc Z_dz

e=1/2
Dr=0 =z= O,Wegete"% =e =0
z = 0 lies inside |z| = 1.
Cauchy’s Integral formula is
J, z%e'dz = 2mif (0) = 0

1

Example: 4.5 Evaluate fc 54z where Cis |z] =1

Solution:

Given [ —

c 2z-3

dz
Dr=0=2z7-3=0,=z=":
GivenCis |z| =1

~1e1= [ -3>1
:.z=glies outside C

~ By Cauchy’s Integral theorem, fc %dz =0
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Example: 4.6 Evaluate | 2‘1—24 where Cis |z| = 2

Solution:

Given [ Zi—i
Dr=0=>24+4=0 =2z=-4
GivenCis |z| = 2

= |z] = -4l =4>2
~ z = —4 lies outside C.

=~ By Cauchy’s Integral Theorem, fC ZC% =0

2

e“Z . 1
dz,where Cis |z| = =
241 2

Example: 4.7 Evaluate |

V4

Solution:

. eZZ
Given [, ——dz

Dr=0 =2°41=0 =z =+i

Given C is |z|=§
. 1
= |zl = |+il = 1>

~Clearly both the points z = +i lies outside C.

2z

dz=20

« By Cauchy’s Integral Theorem, |_ .

z +1
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Example: 4.8 Using Cauchy’s integral formula Evaluate

z+1 . _
J. mdz, where Cis |z| = 2

Solution:

+1
Given fc —(z oD

Dr=0 =2z=31
GivenCis |z| = 2
~Clearly z = 1 lies inside C and z = 3 lies outside C

f (z+1)/(z 3 ol
c

fc (z- 3)(2 1) (z-1)

= By Cauchy’s Integral Theorem

(z+1)/(z-3 1 2
[ %d = 2mif (1) Where f(z) = 2= = f(1) ==

= 2mi(—1) = —2mi

Example: 4.9 Using Cauchy’s integral formula, evaluate

dz where C is the circle

f sintt z2 +cost z2
c

(z-2)(2-3)
|z| =

Solution:

sintt z2+cosT z2

Given [

¢ (z-2)(z-3)

Dr=0=2z=2,3
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Given Cis |z| = 4

~Clearly z = 2 and 3 lies inside C.

A B

Consider, e == + s

=>1=A4(z-3)+B(Z =2)
Putz=-3 =1=8B

Putz=2 => -1=4

1
..(Z—ZXZ—3)__ z-2 z-3

[ ety e,
= =2mif (2) + 2mi f(3) Where f(z) =
sin(mz?) + cos wz?
= —2mi(1) + 2mi(=1) f(2) =
sin4m + cos4nr =1
= —4mi fB3) =

sin9mr + cos9nr — 1 = -1

z+4
7242745

Example: 4.10 Evaluate fc Where Cisthecircle (i)|z+ 1+ i| =

2 (iDlz+1—-i|=2
(iiQ) |z| = 1

Solution:
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zZ+4
z242z+5

Given|_

Dr=0=2z%242z+5=0

= 7= —24+v4-20
2
=>z=—-1+12i
. f z+4 _'f (z+4) dz
“Je z2427+45 —Jc [z—(—1+20)[z—(—1-2i)]

(i) |z+ 1+ i| = 2isthecircle
When z = —1 + 2i,|=1 + 2i + 1 + i| = |3i| > 2 lies outside C.
When z = =1 — 2i,|—1 — 2i + 1 + i| = |=i| < 2 lies inside C.

=~ By Cauchy’s Integral formula

f, i g, = pmif(-1 - 20) Where f(z) =
__z+t
[z—(—1+20)]
. [3-2i
= 2mi [_4i]
. —-1-2i+4 3-2i
f(=1-20) = —1-2i+1-2i  —4i
s .

(ii) |z+ 1 —i| = 2 isthe circle
Whenz = -1+ 2i,|-1+2i+1—i| = |i] <2 liesinside C

Whenz = —1 - 2i,|-1—-2i+ 1 —i| = |-3i|] > 2 lies outside C
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=~ By Cauchy’s Integral formula

) (+D)/[z=(=1=20] 4 _ oo f(=1+20) Where f(z) =

[z—(=1+20)]
Z+4
z—(~1-2i)
= 2mi B2
4
20) = “1t2its _ 3+2i
—1+2i+1+2i 41
=~(3+20)
(iii)|z] = 1 is the circle
When z = —1 4 2i,1 — 1 + 2i| = /5 > 1 lies outside C
When z = =1 — 2,1 — 1 — 2i| =+/5 > 1 lies outside C
=~ By Cauchy’s Integral theorem
z+4
fc 22422+5 £ OUTSH
Example: 4.11 Using Cauchy’s integral formula, evaluate fc zZierzl+4

where C is the circle

lz+1+i|=2
Solution:
. zZ+1
Given fc Z242z+4

Dr=0=>2z42z+4=0
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f z+1 _f (z+1 )dz
e z242z44 77 T Je [z-(~1+iV3)][z-(-1-iV3]

GivenCis|z+1+i| =2
Whenz = -1 —iV3,|-1—iv3 + 1+ i| = |(1 — V3i)| < 2 lies inside C.
When z = =1 4+ iv3,|-1 + iv3 + 1 + i| = |i + ¥/3i| > 2 lies outside C.

= By Cauchy’s Integral Formula

(z+1)/[z—(-1+iV3)] , .. : B
fc [2—(—1-iv3)] dz = 2mi f (—1 — iV/3) Where f(z) =

z+1

z—(-1+iV3)

= 2mi (5) =mi f(-1-

. _ —1-iV3+1 . V3Bi
l\/g) T —1-iV3+1-iV3 =2iV3

1
2

Z+1 )
f - dz = i
C z242z+4

z2+1
72

Example: 4.12 Evaluate [, ——

dz where C is the circle (i)|z — 1| =
1(i))|z+ 1| = 1(iD)|z—-i]|=1
Solution:

z%+1

fC (z+1)(z-1) dz

. 2+1
Given [, ——dz =
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Dr=0=2z=1,-1
(i) (z — 1) = 1is the circle
Whenz=1,|1—-1] =0 < 1 liesinside C
Whenz = —1,|-1—1| =2 > 1 lies outside C
. By Cauchy’s Integral formula

2 2
f z°+1 dz :f (z°+1)/z+1 dz
c c

(z+1)(z-1) (z—1)
= 2mif (1) where f(z) = 22 = (1) =
1
= 2mi(1)
= 2mi
(if)]z + 1| = 1 isthecircle
Whenz =1,|1+ 1| =2 > 1 lies outside C
Whenz =—-1,|-1+ 1| =0 < 1 liesinside C
~ By Cauchy’s Integral formula
/. (Zztl#dz = 2mi f(—1) where f(z) =
2
Lo f-1D=-1

= 2mi(—1) = —2mi

(iii) |z — i] = 1 is the circle
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When z = 1,|1 — i| = V2 > 1 lies outside C
When z = —1,|—-1 — i| = V2 > 1 lies outside C

=~ By Cauchy’s Integral Formula

(z%+1) .
fc (z+1)(z—1) dz =0

Problems based on Cauchy’s Integral Formula for derivatives

3z24+7z+1

———dz where C is the circle x* + y* = 4 find

Example: 4.13 If f(a) = |

the values of f(3), f(1), f'(1 — i) and f"(1 —1i)

Solution:
Given f(a) = [, 22 gy
Tofind: £(3) = J, ¥-2 4y

Dr=0=2z=3
Hence z = 3 lies outside the circle x* + y? =4

By Cauchy’s Integral theorem

3x2+7z+1
¥ g = 0

z—3

Tofind: £(1) = [, ¥22 g,

z—1
Dr=0=2z=1

Clearly z = 1 lies inside the circle x + y? = 4
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f 3z247z+1
z—1

= By Cauchy’s Integral formula dz = 2mi f(1)

Where f(z) =3z2+7z+ 1> f(1) =11

= 2mi(11)
= 22mi

3z%24+7z+1
z—(1-1)

Tofind: f'(1-1) =, dz

Dr=0=z=1-1i
and the point z = 1 — i lies inside the circle x2 + y% = 4

=~ By Cauchy’s Integral formula

' —i)=2mip'(1—1) Where ¢(z) =3z +7z+ 1
= 2mi[6(1 ~ 1) + 7] = ¢'(z2) =6z+7
= 2mi[13 = 6i] =>¢'1-D)=6(1-0+
7
= 2mi[13 — 6i]
Tofind: f'(1-1) = [, 2= a

Cleary and the point z = 1 — i lies inside the circle x> + y2 = 4
~ By Cauchy’s Integral formula
f'(1—1i)=2miep (1—1i) Where ¢(z) =3z +7z+ 1

= 2mi[6] 0 (2)=6z+7=>¢ (2) =6
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= 12mi

zdz

Example: 4.14 Using Cauchy’s Integral formula evaluate fc (z—1)(z—2)2 Where

C is the circle |z — 2| = %
Solution:
Given [ —2&

¢ (z-1)(z-2)?

Dr =0= z =1isapole of order 1, z = 2 is a pole of order 2.
Given Cis |z — 2| =

Whenz=1,|1-2|=1> % lies outside C.

Whenz =2,12-2]=0< % lies inside C.

~ By Cauchy’s Integral formula

fc (ZZ/_Zz_)lz dz = 2mi f’(Z) Where f(Z) = zi_l
= 2mi(— () = G012
= 2mi(—1) fl(2) = —
f'(2)=-1
= —2mi
sin®z

Example: 4.15 Evaluate fc dz where Cisthecircle |z] =1

z—= ’
6

Solution:
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sm V4

z-2)°

Given f dz

Dr=0=z =%isapo|eoforder3.
GiveCis |z| = 1.
Clearly z = % lies inside the circle |z| = 1

=~ By Cauchy’s Integral formula

fc (Ziil;)zs - 227T'l f"( /6) Where f(z) = Sinzz
6
= Zzn!i (1) f'(z) = 2sinzcosz = sin2z
[ r s m(T\ _ 27
- f'"(z) =cos2z(2)=> f (g) = 2 cos (?)

=2cos§=2(§)=1

Example: 4.16 Evaluate [ dz where C is the circle |z| = 2, using

¢ (z- )3
Cauchy’s Integral formula

Solution:

Given [ dz

.

Dr = 0 = z = 1isapole of order 3.
Given Cis |z| = 2.

Clearly z = 1 lies inside the circle C
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~ By Cauchy’s Integral formula

) (jfj; =2 ) Where f(2) = z = f'(2) = 1
=250 =f"@=0=f"(1)=0
=0

Example: 4.17 Evaluatefc —1)2dz where C is thecircle |z| = 1
Solution:
Given f 1)2 z

Dr=0=2z=0 =>z=%isapo|eoforder2.
GivenCis |z| = 1.

Clearly z = % lies inside the circle C

~ By Cauchy’s Integral formula

72

Pl == ( )2 dz  Where f(z) = z2 = f'(2) = 2z

2

= 3(2mir () =1(3)=1

Je
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