
ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY 

MA3303 PROBABILITY AND COMPLEX FUNCTIONS 

UNIT –IV  

COMPLEX INTEGRATION 

LINE INTEGRAL AND CONTOUR INTEGRAL 

 If 𝑓(𝑧) is a continuous function of the complex variable 𝑧 = 𝑥 + 𝑖𝑦  and C is 

any continuous curve connecting two points A and B on the z – plane then the 

complex line integral of 𝑓(𝑧) along C from A to B is denoted by ∫ 𝑓(𝑧)𝑑𝑧
𝑐

 

When C is simple closed curve, then the complex integral is also called as a 

contour integral and is denoted as ∮ 𝑓(𝑧)𝑑𝑧
𝐶

. The curve C is always take in the 

anticlockwise direction. 

Note: If the direction of C is reversed (clockwise), the integral changes its sign  

(𝑖𝑒) ∮ 𝑓(𝑧)𝑑𝑧 = − ∮ 𝑓(𝑧)𝑑𝑧
𝑐

 

Standard theorems: 

1. Cauchy’s Integral theorem (or) Cauchy’s Theorem (or) Cauchy’s 

Fundamental Theorem 

      Statement: If 𝑓(𝑧) is analytic and its derivative 𝑓′(𝑧) is continuous at all 

points inside and on a  

      simple closed curve C then ∮ 𝑓(𝑧) 𝑑𝑧 = 0
𝑐

 

2. Extension of Cauchy’s integral theorem (or) Cauchy’s theorem for 

multiply connected Region Statement: If 𝑓(𝑧) is analytic at all points inside 
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and on a multiply connected region whose outer boundary is C and inner 

boundaries are 𝐶1, 𝐶2, … , 𝐶𝑛 then  

∫ 𝑓(𝑧)𝑑𝑧 = ∫ 𝑓(𝑧)𝑑𝑧 +
𝑐𝑐

∫ 𝑓(𝑧)𝑑𝑧 + ⋯ + ∫ 𝑓(𝑧)𝑑𝑧
𝑐𝑛𝐶2

 

3. Cauchy’s integral formula  

        Statement: If 𝑓(𝑧) is analytic inside and on a simple closed curve C of a 

simply connected region R 

         and if ‘a’ is any point interior to C, then  

𝑓(𝑎) =
1

2𝜋𝑖
∫

𝑓(𝑧)

𝑧 − 𝑎𝑐

𝑑𝑧 

(OR) 

∫
𝑓(𝑥)

𝑧 − 𝑎
𝑑𝑧 = 2𝜋𝑖 𝑓(𝑎),

𝑐

 

            the integration around C being taken in the positive direction. 

4. Cauchy’s Integral formula for derivatives  

      Statement: If 𝑓(𝑧) is analytic inside and on a simple closed curve C of a 

simply connected Region R 

      and if ‘a’ is any point interior to C, then 

∫
𝑓(𝑧)

(𝑧 − 𝑎)2
𝑑𝑧 = 2𝜋𝑖𝑓′(𝑎)

𝑐
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∫
𝑓(𝑧)

(𝑧 − 𝑎)3
𝑑𝑧 = 2𝜋𝑖𝑓′′(𝑎)

𝑐

 

In general, ∫
𝑓(𝑧)

(𝑧−𝑎)𝑛
𝑑𝑧 = 2𝜋𝑖𝑓(𝑛−1)(𝑎)

𝑐
 

Problems based on Cauchy’s Integral Theorem 

Example: 4.1 Evaluate ∫ 𝒛𝟐𝒅𝒛
𝟑+𝒊

𝒐
 along the line joining the points (0, 0) &(3, 1) 

Solution:  

             Given ∫ 𝑧2𝑑𝑧
3+𝑖

0
 

Let 𝑧 = 𝑥 + 𝑖𝑦 

Here 𝑧 = 0 corresponds to (0, 0) and 𝑧 = 3 + 𝑖 corresponds to (3, 1) 

The equation of the line joining (0, 0) and (3, 1) is  

                                            𝑦 =
𝑥

3
⇒ 𝑥 = 3𝑦 

Now 𝑧2𝑑𝑧 = (𝑥 + 𝑖𝑦)2(𝑑𝑥 + 𝑖𝑑𝑦) 

  = [𝑥2 − 𝑦2 + 𝑖2𝑥𝑦][𝑑𝑥 + 𝑖𝑑𝑦] 

  = [(𝑥2 − 𝑦2) + 𝑖2𝑥𝑦][𝑑𝑥 + 𝑖𝑑𝑦] 

  = [(𝑥2 − 𝑦2)𝑑𝑥 − 2𝑥𝑦𝑑𝑦] + 𝑖[2𝑥𝑦𝑑𝑥 + (𝑥2 − 𝑦2)𝑑𝑦] 

Since 𝑥 = 3𝑦 ⇒ 𝑑𝑥 = 3𝑑𝑦 

 ∴ 𝑧2𝑑𝑧 = [8𝑦2(3𝑑𝑦) − 6𝑦2𝑑𝑦] + 𝑖[18𝑦2𝑑𝑦 + 8𝑦2𝑑𝑦] 

  = 18𝑦2𝑑𝑦 + 𝑖26𝑦2𝑑𝑦 

 ∴ ∫ 𝑧2𝑑𝑧
3+𝑖

0
= ∫ [18𝑦2 + 𝑖26𝑦2]𝑑𝑦

′

0
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  = [18 
𝑦2

3
+ 𝑖 26 

𝑦3

3
]

0

′

 

  = 6 + 𝑖
26

3
 

Example: 4.2 Evaluate ∫ (𝒙𝟐 − 𝒊𝒚)𝒅𝒛
𝟐+𝒊

𝟎
 

Solution: 

            Let 𝑧 = 𝑥 + 𝑖𝑦 

Here 𝑧 = 0 corresponds to (0, 0) and 𝑧 = 2 + 𝑖 corresponds to (2, 1) 

Now (𝑥2 − 𝑖𝑦)𝑑𝑧 = (𝑥2 − 𝑖𝑦)(𝑑𝑥 + 𝑖𝑑𝑦) 

  = 𝑥2𝑑𝑥 + 𝑦 𝑑𝑦) + 𝑖 (𝑥2𝑑𝑦 − 𝑦 𝑑𝑥) 

Along the path 𝑦 = 𝑥2 ⇒ 𝑑𝑦 = 2𝑥𝑑𝑥 

  ∴ (𝑥2 − 𝑖𝑦)𝑑𝑧 = (𝑥2𝑑𝑥 + 2𝑥3𝑑𝑥) + 𝑖(2𝑥3𝑑𝑥 − 𝑥2𝑑𝑥) 

 ∫ (𝑥2 − 𝑖𝑦)𝑑𝑧 = ∫ (𝑥2 + 2𝑥3)𝑑𝑥 + 𝑖(2𝑥3 − 𝑥2)𝑑𝑥
2

0

2+𝑖

0
 

       = [
𝑥3

3
+

2𝑥4

4
]

0

2

+ 𝑖 [
2𝑥4

4
=

𝑥3

3
]

0

2

 

          = (
8

3
+

16

2
) + 𝑖 (

16

2
−

8

3
) 

                                                     =
32

3
+ 𝑖 

16

3
 

Example: 4.3 Evaluate ∫ 𝑒
1

𝑧 𝒅𝒛, 𝒘𝒉𝒆𝒓𝒆 𝑪 𝒊𝒔 |𝒛| = 𝟐
𝒄

 

Solution:  

           Let 𝑓(𝑧) = 𝑒
1

𝑧 clearly 𝑓(𝑧) is analytic inside and on C.  
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Hence, by Cauchy’s integral theorem we get ∫ 𝑒
1

𝑧𝑑𝑧 = 0
𝑐

 

Example: 4.4 Evaluate ∫ 𝒛𝟐𝒆
𝟏

𝒛𝒅𝒛, 𝒘𝒉𝒆𝒓𝒆 𝑪 𝒊𝒔 |𝒛| = 𝟏
𝒄

 

Solution:  

             Given∫ 𝑧2
𝑐

𝑒1/𝑧𝑑𝑧  

  = ∫
𝑧2

𝑒−1/𝑧𝑐
𝑑𝑧 

𝐷𝑟 = 0 ⟹ 𝑧 = 0, We get 𝑒−
1

0 = 𝑒−∞ = 0 

𝑧 = 0 lies inside |𝑧| = 1. 

Cauchy’s Integral formula is  

                                           ∫ 𝑧2
𝑐

𝑒1/𝑧𝑑𝑧 = 2𝜋𝑖𝑓(0) = 0 

Example: 4.5 Evaluate ∫
𝟏

𝟐𝒛−𝟑
𝒅𝒛

𝒄
 𝒘𝒉𝒆𝒓𝒆 𝑪 𝒊𝒔 |𝒛| = 𝟏 

Solution: 

              Given ∫
1

2𝑧−3
𝑑𝑧

𝑐
 

 𝐷𝑟 = 0 ⟹ 2𝑧 − 3 = 0, ⟹ 𝑧 =
3

2
 

Given 𝐶 𝑖𝑠 |𝑧| = 1 

                          ⇒ |𝑧| = |
3

2
|  =

3

2
> 1 

∴ 𝑧 =
3

2
 lies outside 𝐶 

∴ By Cauchy’s Integral theorem,  ∫
1

2𝑧−3
𝑑𝑧 = 0

𝑐
 



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY 

MA3303 PROBABILITY AND COMPLEX FUNCTIONS 

Example: 4.6 Evaluate ∫
𝒅𝒛

𝒛+𝟒𝒄
  𝒘𝒉𝒆𝒓𝒆 𝑪 𝒊𝒔 |𝒛| = 𝟐 

Solution:  

               Given ∫
𝑑𝑧

𝑧+4𝑐
 

𝐷𝑟 = 0 ⟹ 𝑧 + 4 = 0 ⟹ 𝑧 = −4 

Given 𝐶 𝑖𝑠 |𝑧| = 2 

            ⇒ |𝑧| = |−4| = 4 > 2 

∴ 𝑧 = −4 lies outside 𝐶. 

∴ By Cauchy’s Integral Theorem, ∫
𝑑𝑧

𝑧+4𝑐
= 0 

Example: 4.7 Evaluate ∫
𝒆𝟐𝒛

𝒛𝟐+𝟏
𝒅𝒛, 𝒘𝒉𝒆𝒓𝒆 𝑪 𝒊𝒔 |𝒛| =

𝟏

𝟐𝒄
 

Solution:  

            Given ∫
𝑒2𝑧

𝑧2+1
𝑑𝑧

𝑐
 

𝐷𝑟 = 0 ⟹ 𝑧2 + 1 = 0 ⟹ 𝑧 = ±𝑖 

Given 𝐶 𝑖𝑠 |𝑧| =
1

2
 

                      ⇒ |𝑧| = |±𝑖| = 1 >
1

2
 

∴Clearly both the points 𝑧 = ±𝑖  lies outside C. 

∴ By Cauchy’s Integral Theorem, ∫
𝑒2𝑧

𝑧2+1
𝑑𝑧

𝑐
= 0 
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Example: 4.8 Using Cauchy’s integral formula Evaluate 

∫
𝒛+𝟏

(𝒛−𝟑)(𝒛−𝟏)
𝒅𝒛, 𝒘𝒉𝒆𝒓𝒆 𝑪 𝒊𝒔 |𝒛| = 𝟐

𝒄
 

Solution:  

              Given ∫
𝑧+1

(𝑧−3)(𝑧−1)
𝑑𝑧

𝑐
 

𝐷𝑟 = 0 ⟹ 𝑧 = 3, 1 

Given 𝐶 𝑖𝑠 |𝑧| = 2 

∴Clearly 𝑧 = 1 lies inside C and 𝑧 = 3 lies outside C 

                     ∫
𝑧+1

(𝑧−3)(𝑧−1)
𝑑𝑧

𝑐
= ∫

(𝑧+1)/(𝑧−3

(𝑧−1)
𝑑𝑧

𝑐
 

∴ By Cauchy’s Integral Theorem 

            ∫
(𝑧+1)/(𝑧−3)

(𝑧−1)
𝑑𝑧

𝑐
= 2𝜋𝑖𝑓(1)                   Where 𝑓(𝑧) =

𝑧+1

𝑧−3
⇒ 𝑓(1) =

2

−2
 

     = 2𝜋𝑖(−1) = −2𝜋𝑖 

Example: 4.9 Using Cauchy’s integral formula, evaluate 

∫
𝐬𝐢𝐧𝛑 𝒛𝟐+𝐜𝐨𝐬𝛑 𝒛𝟐

(𝒛−𝟐)(𝒛−𝟑)
𝒅𝒛

𝒄
  where C is the circle 

 |𝒛| = 𝟒. 

Solution:  

              Given ∫
sinπ 𝑧2+cosπ 𝑧2

(𝑧−2)(𝑧−3)
𝑑𝑧

𝑐
 

𝐷𝑟 = 0 ⟹ 𝑧 = 2, 3 
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Given 𝐶 𝑖𝑠 |𝑧| = 4 

∴Clearly 𝑧 = 2 𝑎𝑛𝑑 3 lies inside C.  

Consider,  
1

(𝑧−2)(𝑧−3)
=

𝐴

𝑧−2
+

𝐵

𝑧−3
 

                      ⇒ 1 = 𝐴(𝑧 − 3) + 𝐵(𝑍 = 2) 

Put 𝑧 = −3 ⇒ 1 = 𝐵 

Put 𝑧 = 2 ⇒  −1 = 𝐴 

 ∴
1

(𝑧−2)(𝑧−3)
= −

1

𝑧−2
+

1

𝑧−3
 

 ∫
sin 𝜋𝑧2+cos 𝜋𝑧2

(𝑧−2)(𝑧−3)𝑐
𝑑𝑧 = − ∫

𝑠𝑖𝑛𝜋𝑧2+cos 𝜋𝑧2

𝑧−2
𝑑𝑧 + ∫

𝑠𝑖𝑛𝜋𝑧2+cos 𝜋𝑧2

𝑧−3
𝑑𝑧 

                                  = −2𝜋𝑖𝑓(2) + 2𝜋𝑖 𝑓(3)                 Where 𝑓(𝑧) =

sin(𝜋𝑧2) + cos 𝜋𝑧2 

                                     = −2𝜋𝑖(1) + 2𝜋𝑖(−1)                              𝑓(2) =

sin 4𝜋 + cos 4𝜋 = 1 

                                         = −4𝜋𝑖                                                          𝑓(3) =

sin 9𝜋 + cos 9𝜋 − 1 = −1 

 Example: 4.10 Evaluate ∫
𝒛+𝟒

𝒛𝟐+𝟐𝒛+𝟓𝒄
 Where C is the circle (𝒊)|𝒛 + 𝟏 + 𝒊| =

𝟐 (𝒊𝒊)|𝒛 + 𝟏 − 𝒊| = 𝟐   

 (𝒊𝒊𝒊) |𝒛| = 𝟏 

Solution:  
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              Given∫
𝑧+4

𝑧2+2𝑧+5𝑐
𝑑𝑧 

𝐷𝑟 = 0 ⇒ 𝑧2 + 2𝑧 + 5 = 0 

             ⇒ 𝑧 =
−2±√4−20

2
 

              ⇒ 𝑧 = −1 ± 2𝑖 

      ∴ ∫
𝑧+4

𝑧2+2𝑧+5𝑐
𝑑𝑧 = ∫

(𝑧+4) 𝑑𝑧

[𝑧−(−1+2𝑖)[𝑧−(−1−2𝑖)]𝑐
 

(i) |𝑧 + 1 + 𝑖| = 2 𝑖𝑠 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 

     When 𝑧 = −1 + 2𝑖, |−1 + 2𝑖 + 1 + 𝑖| = |3𝑖| > 2 lies outside C. 

      When 𝑧 = −1 − 2𝑖, |−1 − 2𝑖 + 1 + 𝑖| = |−𝑖| < 2 lies inside C. 

∴ By Cauchy’s Integral formula 

                     ∫
[(𝑧+1)/(𝑧−(−1+2𝑖)]

[𝑧−(−1−2𝑖)]𝑐
𝑑𝑧 = 2𝜋𝑖𝑓(−1 − 2𝑖)                 Where 𝑓(𝑧) =

𝑧+4

[𝑧−(−1+2𝑖)]
 

                                                                   = 2𝜋𝑖 [
3−2𝑖

−4𝑖
]                                   

𝑓(−1 − 2𝑖) =
−1−2𝑖+4

−1−2𝑖+1−2𝑖
=

3−2𝑖

−4𝑖
 

                                                                   =
𝜋

2
(2𝑖 − 3) 

(ii) |𝑧 + 1 − 𝑖| = 2 is the circle 

     When 𝑧 = −1 + 2𝑖, |−1 + 2𝑖 + 1 − 𝑖| = |𝑖| < 2 lies inside C 

     When 𝑧 = −1 − 2𝑖, |−1 − 2𝑖 + 1 − 𝑖| = |−3𝑖| > 2 lies outside C 
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∴ By Cauchy’s Integral formula 

                    ∫
(𝑧+1)/[𝑧−(−1−2𝑖)]

[𝑧−(−1+2𝑖)]𝑐
𝑑𝑧 = 2𝜋𝑖 𝑓(−1 + 2𝑖)         Where 𝑓(𝑧) =

𝑧+4

𝑧−(−1−2𝑖)
 

                                                                  = 2𝜋𝑖
[3+2𝑖]

4𝑖
                            𝑓(−1 +

2𝑖) =
−1+2𝑖+4

−1+2𝑖+1+2𝑖
=

3+2𝑖

4𝑖
      

                                                                   =
𝜋

2
(3 + 2𝑖) 

(iii)|𝑧| = 1  is the circle 

        When 𝑧 = −1 + 2𝑖, 1 − 1 + 2𝑖| =  √5 > 1 lies outside C  

        When 𝑧 = −1 − 2𝑖, 1 − 1 − 2𝑖| = √5 > 1 lies outside C 

∴ By Cauchy’s Integral theorem 

                                                  ∫
𝑧+4

𝑧2+2𝑧+5𝑐
𝑑𝑧 = 0 

Example: 4.11 Using Cauchy’s integral formula, evaluate ∫
𝒛+𝟏

𝒛𝟐+𝟐𝒛+𝟒
𝒅𝒛

𝒄
  

where C is the circle 

 |𝒛 + 𝟏 + 𝒊| = 𝟐 

Solution:  

            Given  ∫
𝑧+1

𝑧2+2𝑧+4𝑐
𝑑𝑧 

𝐷𝑟 = 0 ⇒ 𝑧2 + 2𝑧 + 4 = 0 
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             ⇒ 𝑧 =
−2±√4−16

2
 

            ⇒ 𝑧 = −1 ± 𝑖√3 

       ∴ ∫
𝑧+1

𝑧2+2𝑧+4𝑐
𝑑𝑧 = ∫

(𝑧+1  )𝑑𝑧

[𝑧−(−1+𝑖√3)][𝑧−(−1−𝑖√3]𝑐
 

Given 𝐶 𝑖𝑠 |𝑧 + 1 + 𝑖| = 2 

When 𝑧 = −1 − 𝑖√3, |−1 − 𝑖√3 + 1 + 𝑖| = |(1 − √3𝑖)| < 2 lies inside C. 

When 𝑧 = −1 + 𝑖√3, |−1 + 𝑖√3 + 1 + 𝑖| = |𝑖 + √3𝑖| > 2 lies outside C. 

∴ By Cauchy’s Integral Formula 

           ∫
(𝑧+1)/[𝑧−(−1+𝑖√3)]

[𝑧−(−1−𝑖√3)]𝑐
𝑑𝑧 = 2𝜋𝑖 𝑓(−1 − 𝑖√3)                      Where 𝑓(𝑧) =

𝑧+1

𝑧−(−1+𝑖√3)
 

                                                         = 2𝜋𝑖 (
1

2
) = 𝜋𝑖                           𝑓(−1 −

𝑖√3) =
−1−𝑖√3+1

−1−𝑖√3+1−𝑖√3
=

√3𝑖

−2𝑖√3
=

1

2
 

                          ∴ ∫
𝑧+1

𝑧2+2𝑧+4𝑐
𝑑𝑧 = 𝜋𝑖 

Example: 4.12 Evaluate ∫
𝒛𝟐+𝟏

𝒛𝟐−𝟏𝒄
𝒅𝒛 where C is the circle (𝒊)|𝒛 − 𝟏| =

𝟏 (𝒊𝒊)|𝒛 + 𝟏| = 𝟏(𝒊𝒊𝒊)|𝒛 − 𝒊| = 𝟏 

Solution:  

             Given ∫
𝑧2+1

𝑧2−1
𝑑𝑧 = ∫

𝑧2+1

(𝑧+1)(𝑧−1)
𝑑𝑧

𝑐𝑐
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 𝐷𝑟 = 0 ⟹ 𝑧 = 1, −1 

(i) (𝑧 − 1) = 1 is the circle 

         When 𝑧 = 1, |1 − 1| = 0 < 1 lies inside C 

          When 𝑧 = −1, |−1 − 1| = 2 > 1 lies outside C 

∴ By Cauchy’s Integral formula 

               ∫
𝑧2+1

(𝑧+1)(𝑧−1)𝑐
𝑑𝑧 = ∫

(𝑧2+1)/𝑧+1

(𝑧−1)𝑐
𝑑𝑧 

                       = 2𝜋𝑖𝑓(1)                          where 𝑓(𝑧) =
𝑧2+1

𝑧+1
 ⇒ 𝑓(1) =

1 

                       = 2𝜋𝑖(1)                                          

                   = 2𝜋𝑖 

(ii)|𝑧 + 1| = 1  is the circle 

      When 𝑧 = 1, |1 + 1| = 2 > 1 lies outside C 

      When 𝑧 = −1, |−1 + 1| = 0 < 1 lies inside C 

∴ By Cauchy’s Integral formula 

                        ∫
(𝑧2+1)/(𝑧−1)

𝑧+1𝑐
𝑑𝑧 = 2𝜋𝑖 𝑓(−1)                         where 𝑓(𝑧) =

𝑧2+1

𝑧−1
⇒ 𝑓(−1) = −1 

                               = 2𝜋𝑖(−1) = −2𝜋𝑖                                                           

(iii) |𝑧 − 𝑖| = 1 is the circle  
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       When 𝑧 = 1, |1 − 𝑖| = √2 > 1 lies outside C 

        When 𝑧 = −1, |−1 − 𝑖| = √2 > 1 lies outside C 

∴ By Cauchy’s Integral Formula 

                                               ∫
(𝑧2+1)

(𝑧+1)(𝑧−1)𝑐
𝑑𝑧 = 0 

Problems based on Cauchy’s Integral Formula for derivatives 

Example: 4.13 If 𝒇(𝒂) = ∫
𝟑𝒛𝟐+𝟕𝒛+𝟏

𝒛−𝒂𝒄
𝒅𝒛 where C is the circle 𝒙𝟐 + 𝒚𝟐 = 𝟒 find 

the values of 𝒇(𝟑), 𝒇(𝟏), 𝒇′(𝟏 − 𝒊) and   𝒇"(𝟏 − 𝒊) 

Solution:  

              Given 𝑓(𝑎) = ∫
3𝑧2+7𝑧+1

𝑧−𝑎𝑐
𝑑𝑧 

To find: 𝑓(3) = ∫
3𝑧2+7𝑧+1

𝑧−3𝑐
𝑑𝑧 

 𝐷𝑟 = 0 ⟹ 𝑧 = 3 

Hence 𝑧 = 3 lies outside the circle 𝑥2 + 𝑦2 = 4 

By Cauchy’s Integral theorem 

                                        ∫
3𝑥2+7𝑧+1

𝑧−3
𝑑𝑧 = 0

𝑐
 

To find: 𝑓(1) = ∫
3𝑧2+7𝑧+1

𝑧−1𝑐
𝑑𝑧 

 𝐷𝑟 = 0 ⟹ 𝑧 = 1 

Clearly 𝑧 = 1 lies inside the circle 𝑥2 + 𝑦2 = 4 
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∴ By Cauchy’s Integral formula       ∫
3𝑧2+7𝑧+1

𝑧−1
𝑑𝑧 = 2𝜋𝑖 𝑓(1)

𝑐
            

Where 𝑓(𝑧) = 3𝑧2 + 7𝑧 + 1 ⇒ 𝑓(1) = 11 

                                             = 2𝜋𝑖(11)                                                                             

                 = 22𝜋𝑖 

To find:   𝑓′(1 − 𝑖) = ∫
3𝑧2+7𝑧+1

𝑧−(1−𝑖)𝑐
𝑑𝑧 

 𝐷𝑟 = 0 ⟹ 𝑧 = 1 − 𝑖 

and the point 𝑧 = 1 − 𝑖 lies inside the circle 𝑥2 + 𝑦2 = 4 

∴ By Cauchy’s Integral formula 

                    𝑓′(1 − 𝑖) = 2𝜋𝑖𝜑′(1 − 𝑖)                       Where 𝜑(𝑧) = 3𝑧2 + 7𝑧 + 1 

   = 2𝜋𝑖[6(1 − 𝑖) + 7]                        ⇒ 𝜑′(𝑧) = 6𝑧 + 7            

   = 2𝜋𝑖[13 − 6𝑖]                                ⇒ 𝜑′(1 − 𝑖) = 6(1 − 𝑖) +

7 

   = 2𝜋𝑖[13 − 6𝑖] 

To find:  𝑓"(1 − 𝑖) = ∫
3𝑧2+7𝑧+1

𝑧−(1−𝑖)𝑐
𝑑𝑧 

Cleary and the point 𝑧 = 1 − 𝑖 lies inside the circle 𝑥2 + 𝑦2 = 4 

∴ By Cauchy’s Integral formula 

                    𝑓′(1 − 𝑖) = 2𝜋𝑖𝜑"(1 − 𝑖)                       Where 𝜑(𝑧) = 3𝑧2 + 7𝑧 + 1  

                               = 2𝜋𝑖[6]                                     𝜑"(𝑧) = 6𝑧 + 7 ⇒ 𝜑"(𝑧) = 6        
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           = 12𝜋𝑖 

Example: 4.14 Using Cauchy’s Integral formula evaluate ∫
𝒛𝒅𝒛

(𝒛−𝟏)(𝒛−𝟐)𝟐

 𝒄
 where 

C is the circle |𝒛 − 𝟐| =
𝟏

𝟐
 

Solution:  

        Given ∫
𝑧𝑑𝑧

(𝑧−1)(𝑧−2)2𝑐
 

𝐷𝑟 = 0 ⟹ 𝑧 = 1 is a pole of order 1, 𝑧 = 2 is a pole of order 2. 

Given C is |𝑧 − 2| =
1

2
 

        When 𝑧 = 1, |1 − 2| = 1 >
1

2
 lies outside C. 

         When 𝑧 = 2, |2 − 2| = 0 <
1

2
 lies inside C. 

∴ By Cauchy’s Integral formula 

                              ∫
𝑧/𝑧−1

(𝑧−2)2
𝑑𝑧 = 2𝜋𝑖 𝑓′(2)

𝑐
                  Where 𝑓(𝑧) =

𝑧

𝑧−1
 

                = 2𝜋𝑖(−1)                                𝑓′(𝑧) =
(𝑧−1)1−𝑧(1)

(𝑧−1)2
⇒

𝑓′(2) = −1 

                = −2𝜋𝑖                                               

Example: 4.15 Evaluate ∫
𝒔𝒊𝒏𝟐𝒛

(𝒛−
𝝅

𝟔
)

𝟑 𝒅𝒛 
𝒄

 where C is the circle |𝒛| = 𝟏 

Solution:  
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                Given ∫
𝑠𝑖𝑛2𝑧

(𝑧−
𝜋

6
)3

𝑑𝑧
𝑐

 

𝐷𝑟 = 0 ⇒ 𝑧 =
𝜋

6
 is a pole of order 3.  

Give C is |𝑧| = 1. 

 Clearly 𝑧 =
𝜋

6
 lies inside the circle |𝑧| = 1 

∴ By Cauchy’s Integral formula 

        ∫
𝑠𝑖𝑛2𝑧

(𝑧−
𝜋

6
)3

𝑑𝑧 =
2𝜋𝑖

2!
 𝑓"(𝜋/6)

𝑐
                  Where 𝑓(𝑧) = 𝑠𝑖𝑛2𝑧 

                              =
2𝜋𝑖

2!
(1)                            𝑓′(𝑧) = 2 sin 𝑧 cos 𝑧 = sin 2𝑧 

                                = 𝜋𝑖                      𝑓′′(𝑧) = cos 2𝑧(2) ⇒ 𝑓′′ (
𝜋

6
) = 2 cos (

2𝜋

6
) 

                                                                              = 2 cos
𝜋

3
= 2 (

1

2
) = 1   

Example: 4.16 Evaluate ∫
𝒛

(𝒛−𝟏)𝟑
𝒅𝒛 

𝒄
 where C is the circle |𝒛| = 𝟐, using 

Cauchy’s Integral formula 

Solution:  

            Given ∫
𝑧

(𝑧−1)3
𝑑𝑧

𝑐
 

 𝐷𝑟 = 0 ⇒ 𝑧 = 1 is a pole of order 3. 

Given C is |𝑧| = 2. 

Clearly 𝑧 = 1 lies inside the circle 𝐶 
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∴ By Cauchy’s Integral formula 

                        ∫
𝑠𝑖𝑛2𝑧

(𝑧−1)3
𝑑𝑧 =

2𝜋𝑖

2!
 𝑓"(1)

𝑐
                 Where 𝑓(𝑧) = 𝑧 ⇒ 𝑓′(𝑧) = 1 

                                            =
2𝜋𝑖

2!
(0)                        ⇒ 𝑓′′(𝑧) = 0 ⇒ 𝑓′′(1) = 0   

                 = 0        

Example: 4.17 Evaluate∫
𝒛𝟐

(𝟐𝒛−𝟏)𝟐
𝒅𝒛 

𝒄
 where C is the circle |𝒛| = 𝟏 

Solution:  

            Given ∫
𝑧2

(2𝑧−1)2
𝑑𝑧

𝑐
 

 𝐷𝑟 = 0 ⇒ 2𝑧 = 0 ⇒ 𝑧 =
1

2
 is a pole of order 2. 

Given C is |𝑧| = 1. 

Clearly 𝑧 =
1

2
 lies inside the circle 𝐶 

∴ By Cauchy’s Integral formula 

                         ∫
𝑧2

22(𝑧−
1

2
)2

𝑑𝑧 =
1

4
∫

𝑧2

(𝑧−
1

2
)

2 𝑑𝑧
𝑐𝑐

     Where 𝑓(𝑧) = 𝑧2 ⇒ 𝑓′(𝑧) = 2𝑧 

                                               =  
1

4
(2𝜋𝑖𝑓′ (

1

2
))                             ⇒ 𝑓′ (

1

2
) = 1 

                    =
1

2
𝜋𝑖(1)                                          

                   =
𝜋𝑖

2
 


