ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

CAUCHY RESIDUE THEOREM
Statement:
If £(z) is analytic inside and on a simple closed curve C, except at a finite
number of singular points a,, a,, ... a,, inside C, then
fc f(2)dz = 2mi [sum of residues of f(z)at ay,as,, ...a,]
Note: Formulae for evaluation of residues

(i) If z = a is a simple pole of f(z) then
[Res f(2),z = al = lim(z ~ a) f(2)

(if) If z = ais a pole of order n of f(z) , then

[[Res f(2)) z = a] = ——lim{L—[(z - a)"f (2)]}

(n=1)! z5q

Problems based on Cauchy Residue theorem

+2

Example: 4.46 Find the residue of f(z) = (z—ZZ)(Tl)Z

about each singularity.

Solution:

Z+2

Given f(z) = ey

The poles are given by (z — 2)(z + 1)?
=>2z-2=0,z+1=0

>z=2andz = —1
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. The Poles of f(z)are z = 2 is asimple pole and z = —1 is a pole of order 2

[Res f()],=; = lim(z = 2) f(2)

. zZ+2
[Res f(D)]z=2 = lim(z = 2) -
_ z+2 _ i
T NGz 9

[Res f(2)],=1 = lim +[(z + D)2 (2)]

- . i 2 zZ+2
y Zl_lfﬁ ~1@+D (z—2)(z+1)2]
y/ d (z+2
= lim - (25)
_ o [EEDW-ErW] |4
o zl_lfll[ (z—2)2 | & B

sinmz?+cosmz?

Example: 4.47 Evaluate using Cauchy’s residue theorem, fc D2

where Cis |z| =3

Solution:

sintz?+cosmz?

(z-1)(z-2)

Let f(z) =
The poles are givenby (z—1)(z—2) =0
= z = 1,2 are poles of order 1.
GivenCis|z| =3
~ Clearly z = 1and z = 2 lies inside |z| = 3

To find the residues:
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(i) Whenz =1

[Res f(2)]z=1 = lim(z — 1)f(2)

. cosmz%+sinmz?
= Um(z-1D=C505

. cosmz?+sinmz?
= lim
z—1 (z-2)

cosm+sinm

(i) When z = 2
[Res f(2)].= = lim(z — 2)f ()

. cosmz?+sinmz?
RLim Ay e

=i cosmz?+sinmz?

72 (z—1)
_ CcoS4AT+Ssin4m
1
1+0
= —_—= 1
1

= By Cauchy’s Residue theorem

J. f(2)dz = 2mi (sum of residues)
=2ni(1+1) =4ni

2
Example: 4.48 Evaluate | ZZZ+1 dz where C is |z| = 2 using Cauchy’s residue

theorem.
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Solution:

22
z2+1

Let f(z) =
The poles are given by z% + 1 = 0
= z = =i are poles of order 1.
GivenCis |z| =2
~ Clearly z = i, —i liesinside |z| = 2

To find the residue:

(i) Whenz =i
o . Zz
[Res f(2)]7=i = lim(z = i) ——==—
. 7 e
oo T
(ii) When z = —i
. ] Zz
[Res f(@)lz=—i = lim (2 + ) v
lim =
N zirlli (z-1)
_1t_1
20 20

. By Cauchy’s Residue theorem
fc f(2)dz = 2mi (sum of residues)

. —1 1
=2T[l(2—i+2—i) =0
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Example: 4.49 Evaluate [ —22

¢ @iD2z-2) dz where C isthecircle |z —i| = 2

using Cauchy’s residue theorem.

Solution:

_ (z-1)
Let f(Z) T (z+1)2(z-2)

The poles are given by (z +1)?(z—2) =0
=2z+1=0z—-2=0
= z = —1isapoleof order 2 and
= z = 2 is apole of order 1.
GivenCis|z—i| =2
Whenz =—1,|z—i|= |-1—i|=v2 <2
z = —1liesinside C
Whenz =2,|z—i|= [2—i| =+5> 2
z = —1 liesinside C

To find the residue for the inside pole:
[Res f(2)]z=—1 = lim - [(Z +1)*f(2)]
= llm [(Z + 1)2#(12)_2)]
= lim 2-(55)
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— lim [<z—2)(1)—(z—1)(1) _ 1
(z-2) 9

z--1

= By Cauchy’s Residue theorem

I, f(2)dz = 2mi (sum of residues)

fc D gy = —2mi (l)

(z+1)%(z-2) 9

dz

mwhere Cis thecircle |z —i| = 2 using

Example: 4.50 Evaluate |

Cauchy’s residue theorem.

Solution:

1
(z244)?

Let f(z) =
The poles are given by (z2 + 4)?
=2z24+4=0
= z = +2i are poles of order 2
GivenCis|z—i| =2
Whenz =2i,|z—i|= |2i—i|=1<2
=~z = 2iliesinside C
Whenz = —=2i,|z—i| = |-2i—i|=3>2
~ z = —2i lies outside C

To find the residue for the inside pole
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[Res f(2)],=2: = llm ~[(z - 20%f (2)]

— _ 2

o zlg?l dz [(Z 2i) (z— 21)2((z+21)2)]
. od (1 \?

- zll—glia(z+2i)

= lim | 2]

2 2 1
(410)3 —64i 32i

= By Cauchy’s Residue theorem
J. f(2)dz = 2mi (sum of residues)
=
= 2mi (E)

. dz
(22442 16

Example: 4.51 Evaluate fc —there Cis thecircle |z| = 4 using

n?)
Cauchy’s residue theorem.

Solution:
Let f(z) = 2+n2)2
The poles are given by (z2 + m2)? = 0
>z2+n%=0
= z = +mi are poles of order 2

GivenCis |z| = 4
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Clearly z = + i,z = mi lies inside |z| = 4
To find the residue

(i) When z = 4+ mi

[Res f(2)] i = Lim = [(z — mi)*f (2)]

z-midz

= lim < [(z — mi)?

z—ri dz (z—ni)2(2+7ri)2]

= lim = ( Z )
zo i dz \(z+mi)?

W/ 7 (z+mi)?e?=2(z+mi)e?)
A zlgzzll (z+mi)*) ]
_H (z+7'ri)ez[z+rri—2]]
—Z_)I}Jrl (z+mi)*
__e™(2mi-2)

T (2mi)3

_eT(mi-1)

T —am3i

__ (cosm+isinm)(1—i)
43

_ (—1+0)(1—mi)
o 473i

__ (mi-1)
4m3i

(i) When z = — mi

[Res f(@D)]ymoni = lim < [(z + 1) (2)]

= lim i[(Z + mi)?

z——1i dZ (z—ni)z(z+ni)2]
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. d e?
= [im — _
z——mi dz \(z—mi)?

[(z—m’)zez—z(z—ni)ez)]

(z—mi)*

= lim
Z—>—Trl

(z—mi)e?[z—mi—2]

= lim
Z—>—Ti (z—mi)*

e ™(-2mi-2)
o (=2mi)3

__ (=2)(cosm—isinm)(mi+1)
8m3i

 =(=1-0)(mi+1)
3 473

_ (14mi)
4713i

= By Cauchy’s Residue theorem

I, f(2)dz = 2mi (sum of residues)

= om (ﬂi—1)+(ni+1)]

4m3i 413i
2T a i
=—[2ni ] ==
413i T
. f e?dz i
e (z24m2)2 yia

Example: 4.52 Evaluate fc Z:ﬁ where C is the circle |z| = 1 using Cauchy’s

residue theorem.

Solution:

1

zsinz

Let f(z) =
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The poles are given by zsinz = 0

z3  Z5
ﬁZ[Z—;'l'E—"']:O
2 z? | z* _
=22 [1-S+5 -] =

= z = 0 is apole of order 2
GivenCis|z| =1
~ z =0 liesinside C

To find the residue for the inside pole

[Res f(2)]2=0 llm ~[(z - 0)%f(2)]

= lim— [( )2 — ]

z—0 dz zsinz

. d Z
=lim—|(—
z—0 dz \sinz

M, AN [sinz(l) —z(cosz)

Z—0 (sinz)?2

=20 [ ]form

0

— lim cosz—[z (—sinz)+cosz(1)] byL Hosp1ta1 rule)

z-0 2sinzcosz
. €0Sz+zSinz—cosz
= lim _
z—0 25inzcosz
. zsinz
= lim

70 2Sinzcosz

m
z—0 2co0sz
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. By Cauchy’s Residue theorem
I, f(2)dz = 2mi (sum of residues)
= 2mi [0]
dz
B fC zsinz 0

an’/y
-a)?’

Example: 4.53 Evaluate f where—2 < a < 2 and C is the boundary of

the square whose sides liealong x = +2and y = +2

Solution:

Let f(z) = -2 / 2

The poles are given by (z —a)? =0

= z = a is apole of order 2

C is the square with vertices (—=2,2), (2, —2)(2,2)and (—2,—2)
Clearly z = a lies inside C

To find the residue for the inside pole
[Res f(2)]z=a = llm ~[(z - a)*f(2)]

= lim— [(Z mnz/ 2]

z—q dz (z—a)?

= lim— (tan Z/z)

z—a dz
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= lim [sec2 % (1/2)]

z—-a

1 a
= =sec? (—)
2 2

=~ By Cauchy’s Residue theorem

J. f(2)dz = 2mi (sum of residues)

- o [fsect 2
()

dz
z2sinhz

Example: 4.54 Evaluate fc where C is the circle |z — 1| = 2 using

Cauchy’s residue theorem.

Solution:

1
z2sinhz

Let f(z) =
The poles are given by z2sinhz = 0
= z2 =0 (or)sinhz = 0
= z = 0or) z = sinh~1(0) = 0Ois a pole of order 1.
GivenCis|z—1| =2
~Clearly z = 0 lies inside C.

To find residue for the inside poleat z = 0

1

z2sinhz

f2) =
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6 120

_ 1 1 — z’
= =[1+u] where u=14+—+4--

z 6

1 2 3
= s[l-utu®—u..]

22 24 22 24 2

=—3[1—(—+—+---)+(—+— ) ]

z 6 120 6 = 120

1 1 z

T 73 6z 120

[Res f(2)],-, = Coefficient of i in the Laurent’s expansion of f(z)
1
- [Res f(D)lmg =
-~ By Cauchy’s Residue theorem

J, f(2)dz = 2mi (sum of residues)

|-
fc zzsdiihz - _73Ti
Example: 4.55 Evaluate fc é dz where C is the circle |z — §| = g
Solution:
Let f(z) = z

CoSz

The poles are given by cosz = 0
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>z= 2n+ 1)% ,n=0,+1,+2, ... are poles of order 1

T
2

Given C is |z — §| =
Here z = % lies inside the circle and others lies outside.

[Res f@)],x = lim (2~ 3) f(2)

2/ cosz

[Res f(Z)]Zzg = lim (Z B E) 5

0
- /4 (form)
Using L ‘ Hospital’s rule

(z—g)(1)+z(1)

73 —sinz
2
T
: (Z‘E)”
L ™ lm}r .
7K —sinz
2
_ T
2

-~ By Cauchy’s Residue theorem
J, f(2)dz = 2mi (sum of residues)

-2 [

Z .
f dz = —m?i
C cosz
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Example: 4.56 Evaluate fc z%e"/z dz where C is the unit circle using Cauchy’s

residue theorem.
Solution:
Let f(z) = z2e'/z

Here z = 0 is the only singular point.

GivenCis|z| =1

~Clearly z = 0 lies inside C.

To find residue of f(z) atz =0

We find the Laurent’s series of f(z) about z =0

= f(2) = 2%z
Sz (1424 — o]

[Res f(2)],-o = COefficient Ofi in the Laurent’s expansion of f(z)

i [Res f(2))y=0 = 3

~ By Cauchy’s Residue theorem

J, f(2)dz = 2ni (sum of residues)

- [}
i

fc Zzel/ZdZ =?
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