ROHINI coLLEGE OF ENGINEERING
& TECHNOLOGY

DEPARTMENT OF MATHEMATICS

UNIT 1-PARTIAL DIFFERENTIAL EQUATIONS

1.4 HOMOGENEOUS LINEAR PDE OF SECOND AND HIGHER ORDER WITH
CONSTANT COEFFICIENTS

Homogeneous Linear PDE of second and higher order with constant co-efficient:

Consider the second order homogeneous linear PDE

P11 o

+ ta, — = f X! _____ 1
: . 0 , O
Let the differential operator D=— &D'=—
OX oy
()= (D*+aDD'+8,D%)z=f(xy) ———-- )

The general solution of equation (2) is

|z = complementary function+ Particular IntegraI:C.F+P.I|

To find complementary Function:

1. Write the Auxiliary equation by putting D=m,D'=1,z=1, & RHS =0
()= m*+am+a, =0
2. Solve the auxiliary equation, we get the roots of m. Say the roots are m;, m,

3. Comparing the roots of m and write the complementary function.

Case 1: The Roots are real and distinct : say m, = m,

C.F=f(y+mx)+ f,(y+m,x)




Case 2: The Roots are real and equal : say m, =m, =m

C.F = f,(y+mx) + xf,(y + mx)

Note: If the rootsare m=a +if

then C.F = f[y+(a+ip)]+ f,[y+(a—-i1p)]

To find Particular Integral :

Type : |

If [RHS =™ | then

| # eax+by

P.l=
f(D,D’)

Rule: D=a & D'=b

1

=—— e*» Provided Denominator 0
f(a,b)

P.l

If Denominator =0, then 1) multiply the numerator by x 2) differentiating denominator partially w.r.to D

X
eax+by

Pl=— >
f/(D,D)

1

= mea”by, Provided Denominator #0 . Replace D=a & D'=b
a,

P.l

Continuing this process until we get Dr #0.

Type : 1l

If [RHS =sin(ax+hy) (or) RHS=cos(ax+hy) | then

sin(ax + by)

P =—— _
f(D?,DD',D")

Rule: D? = —(a?); DD’ = (~ab); D' = —(b?)




1 . )
P.l = sin(ax +by) ,Provided Dr =0
fCal—ab,p7) X rY)

Note 1: After substitutions the denominator will be in terms of D & D’ . Multiply and divide by D so that the

denominator will have D? & DD’ terms.

Note 2: After substitutions the denominator will be in terms of D & constant terms,

Foreg. P.I = Dl 5sin(x—2y)

Take conjugate of denominator with constant term and multiplied with both numerator and denominator.

L DHSdinx—2y)=
D-5 D+5 D?-25

P.l = sin(x—2y)

Then apply the rule as usual.

Type : 11

If [RHS=x"y"| (polynomial type) then

x™y", we bring this into a standard binomial format, by taking out highest power term of D.

Pl 0D
(ie) P.l =[1% f (D, D)]*x™y"

This will be expanded by using the formulae
=X =1+ X+ X+ X3 +...

AL+ X)) =1-Xx+Xx" =% +...

(1-X)? =1+2x+3x"* +4x° +...

(L+X)? =1-2x+3x" —4x° +...

Note:

%:fdx ,D'=%




Type : IV (Exponential shifted rule)

If |[RHS =™ cos(ax +by)| (or)|RHS =& sin(ax + by)|(or)|RHS =e***x™y" | then

1 .
Pl=—"—¢eYsin(ax+b
f(D.D) ( y)
ax+h 1 H
P.I =™ sin(ax +by)
f(D+a,D'+b)

Here after apply the rule as we discussed in Type &Il

Type : V

If |RHS =ycosx| (or) |RHS =ysinx| then

Case 1:
P.l= y COS X
D-mD’
1
P.l= c—mx)cosxdx . Rule:ly=c—mx
S [c-m
Case 2:
P.I= y COS X
D+ mD’
P.l = c+mx)cosxdx ‘- Rule:y=c—-—mx
D+mD’I( ) y

Note: After integration we have to replace c—mx =y

L. | solve (D*~DD'-20D" )z =" +sin(4x - y)
Solution:
Given (D? —DD'—-20D" )z =€>* +sin(4x—y)

To find C.F

The auxiliary equation is




m>-m-20=0 replaceD=m,D’'=1,z=0
(m-5)(m+4)=0

m=5-4

~|C.F=f(y—4x)+ f,(y+5x)| - The roots are real and distinct = C.F = f,(y +mx) + xf,(y + mx)

To find P.1
Pl= L [ +sin(4x-y) |
D?-DD’-20D"
Pl =P.1 +P.l,
1
Pl = ety Rule: replaceD=5&D’'=1 Type:1
' D?-DD'-20D" P »
l 5x+y 1 5x+y H H H H
=————¢e""==¢e *+ Introducing xin Nr.Diff Dr.partially w.r.to D
25-5-20 0

P Rule: replace D =5& D' =1
2D-D’

X
eSx+y

10-1

_X
9

5x+y

Pl =—e

1 ]
P.lI, = sin(4x — herea=4&b=-1 Type:2
» =57 _pp_z0p7 Y (Type:2)

Rule: replace D* = —(a*) = -16; D> = —(b*) =-1& DD’ = —(ab) = 4

. 1.
P.I = 4 —_ - 4 —
* = 16-2-20(1) sin(4x—vy) 0sm( X—Y)

= X sin(4x-y) *.» Introducing xin Nr.Diff Dr.partially w.r.to D

- D’

D .
= x —SIn(4x —
2D-D' D ( y)




xD :
~207—pp " Y

xD

=m3in(4x— y)

_ xD(sin(4x-y))
- -32-4

_ 4xcos(4x+3)

P.l
2 -36

_—1x cos(4x +3) i(sin Nnx) = ncos nx
9 dx

P.1, _Elx cos(4x+3)

_X
9

P.l

1 X
Sxry _ = _ 2[5y _
e X cos(4x+3) S [e cos(4x + 3)]

The general solution is

z=C.F+P.

z=f,(y—4x)+ fz(y+5x)+g[e5X+y — cos(4x+3)]

3 3
Solve 8—5—2 622
OX OX“OX

=% +4sin(x+y)

Solution: same as previous problem

Hint:
0’z 0°z )
Given — —2 =" ;- 4sin(x +
o ox°ox (x+)
3 21 X+2 H a ’ 6
(D°-2D°D')z =€ +4sin(x+y) +D=— &D'=—
OX oy

C.F=f(y)+xf,(y)+ f,(y+2x)




P.l = %e“zy —4cos(X

+2Y)

Solve (D2 +DD'-6D"

Solution:

)Z _ X2y+63x+y

Given (D* +DD’'-6D" )z =Xy +€>"

Tofind C.F

The auxiliary equation is
m’+m-6=0

(m-2)(m+3)=0

wreplaceD=m,D'=1,z=0

~|CF=1(y-3x)+ f,(y+2x)
Tofind P.1
— 2 3x+
Pl= D2+DD'—6D'2[X yre ]
P.I=P.I,+P.l,
1 2 :
Plh=5r 50 soz <Y (Type:3)
= 1 X’y
’ 12
D{1+ bb [;fD ﬂ
1[. (o ep2\| ,
“o?[Yl o o | ¥
B ’ 12
:é 1—[%—652 j+..1x2y CAEX) T =1 x4+ X=X

" The roots are real and distinct = C.F = f,(y + mx) + f,(y + m,x)




1|, D(xy) 6D?(x%)
2 y- + 2
D D D

P.I, = L By

= e Rule: replaceD=a=3&D'=b=1

D?+DD’-6D"

1 e3><+y — 183x+y

T 9+3-6() 6

P.I, _Lev
6

12Xy X Ly
12 60 6

The general solution is

z=C.F+P.

D' ==

2

Type:1




xty x> 1,
z=f —3X)+ f 4+2X) +—L - ey
(y=3x)+ f,(y +2x) TR

Solve (D2 +2DD' + D’Z)z =X’y +e*”

Solution: same as previous problem
Hint:

m=-1-1
C.F=1f(y—x)+xf,(y—x)

4 5 2
Xy XX,

" T 12 30 2

Solve (D* —6DD’+5D" )z =xy +e*sinhy
Solution:

Given (D2 —6DD’+5D’2)2 =xy-+e*sinhy

Y _ a7y 0 A0
:xy+ex[e € J +lsinho=5=° ,hered=y
e+ e'e’ —e'e”’
2
(DZ—GDD'+5D'2)z—xy+ex+y e el =g
2 2 '

To find C.F
The auxiliary equation is
m’> —-6m+5=0 ‘sreplace D=m,D’'=1,z=0

(m-)(m-5)=0

~|CF=1f(y+x)+f,(y+5x)| - Theroots are real and distinct = C.F = f (y +mx) + xf,(y + m,x)




To find P.1

PI 3 Xy+ex+y _ex—y
" D2?-6DD’'+5D" 2 2
PA=P.l+Pl,—Pl, ————— @)
To find P.1y
1 .
"= 5" epprrsp? Y (Type:3)
. 1] 12
Dz[l{ 6DDD;L5D }
1[. (-ep’ s5D2\|"
=F 1+ T+ D? Xy
B _ ' 12
=§ 1- —EE)D +5§2 +} Xy w@l+X) T =1-x+x =X+
1[. 6D 5D?
=07 1+ 5 D +o | XY
1 6x 5(0 , 0 " 0?
=—| Xy+—-— +.o | X D =— =1 &D =—— =0
Dz_y ~ } y (y) ay(y) (y) ayz(y)
1 1 6X? 1
:F_Xy+6J-Xde|:F|:Xy+T:| . B:jdx
B ) 1(xy 3°) o[ Xy s
——I(xy+3x )dx_5(7+? _I —=+ X |dx
3 4
pl =YX
6 4

Tofind P.1,




PI, = ! L
"2 D?’-6DD'+5D? 2 '

=(%j 1 e”y:(ljle”y Rule: replaceD=a=1&D'=b=1

1-6+5 2)0
_(1 X xey
2)2D-6D'+0
:(EJLW
2)2-6
G
2) 4
—X
Pl,=—e""
8
To find P.13
X=y
P.l,= ! € Type:1

D?-6DD’'+5D"* 2

(L 1 e Rule: replaceD=a=1&D'=b=-1
2)1+6+5

P.I, :ie“y
24

3 4
= PA=PL Pl —PI, =XV X Xy _ Lo
6 4 8 24

The general solution is

z=C.F+P.

X’y x' X 1
z=f(y+x)+ f,(y+5x) +—F+———e"Y ——¢e"’
(Y +x)+ F,(y+5x) s "1 8 >4

Solve (D2 +2DD' + D'z)z =sinh(x+y) +e**%




Solution: same as previous problem

Hint:

(D?+2DD'+D'"?)z =sinh(x+y) +e"

X+y (X—Y) X+y —X-y
(D2+2DD'+ D'Z)Z:L+ex+2y:_e _E 4 xRy
2 2 2

ex+y e—x—y
-—+e
2 2

X+2y

(D2+2DD'+D’2)2:

m=-1-1
C.F=1f(y—x)+xf,(y—x)

P I__ ex+y e—x—y ex+2y
8 8 9

Solve (D* ~4DD'+4D" )z =™
Solution:

Hint: m=2,2

C.F=f(y+x)+ f,(y+5x)

2

P.o =X g2
2

Solve (2D* ~5DD'+2D" )z =5sin(2x + )
Solution:
Given (2D° —5DD'+2D" )z = 5sin(2x+ y)

To find C.F

The auxiliary equation is

2m* —5m+2=0 ‘replaceD=m,D’'=1z=0




_ —b++/b? —4ac

m herea=2,b=-5,c=2
2a
_—(-9H)=* «/25 —4(2)(2)
B 2(2)
 5+425-16 5+./9
4 4
 5+4/25-16 5+.9 53
4 4 4
5+3 5-3 1
Mm=—— M=—— =>M=2,M==
4 4 2
~|CF =1 (y+2x)+ fz(y+%) . The roots are real and distinct = C.F = f,(y + mx) + f,(y + m,X)
TofindP.1
P.l= L 5sin(2x+Y) Type:2
" 2D?-5DD’+2D" y yPe:
1 .
P.l= 5sin(2x+y) herea=2&b=1

2D* -5DD’ +2D"
Rule: replace D* = —(a%) = —4;D'* =—(b*) =-1& DD’ = —(ab) = -2

1

P.I = 2D 52+ 2D 5sin(2x+Y)

. 1_ .
Pl=———5sin(2x+Yy)==5sIn(2x +
-8+10-2 ( ) 0 ( )

X . ) . . .
=———  Bsin(2x+ Introducing xin Nr. & Diff Dr.partially w.r.to D
2D 5D o S n@x+y) - | g partially k
X D_ .
=—— x—5sin(2x+
AD-5D" D ( y)

xD )
=5————  sin(2x+
4D* -5DD’ ( )




5 XD Gioxsy)—5 Rlsin@x+y)]
A4(—2)—5(-2) 16+10

= %x[2c05(2x+ y)]

P.I = %5 XC0S(2x +Y)

The general solution is

z=C.F+P.l

z=f(y+2x)+ fz(y+XEJ—gxcos(2x+y)

Solve the equation (D3 +D’D’'-4DD"” —4D'3) Z =cos(2x+Y)
Solution:
Given (D°+ DD’ —4DD" —4D")z = cos(2x+ y)

Tofind C.F

The auxiliary equation is
m®*+m?—-4m—-4=0 ~replaceD=m,D’'=1,z=0
m’(m+1)—4(m+1)=0

(m+1)(m*-4)=0

~|CFE=f(y—x)+ f,(y—2x)+ f,(y+2x)

To find P.1

1
P.l= cos(2x + herea=2,b=1 (Type:2
D+ D?D'-4DD"? -4D" ( ) ( yp )

Rule: replace D* = —(a’) = —4; D" = —(b*) = -1& DD’ = —(ab) = -2




1

P.l= cos(2x+Y)
—-4D-4D'-4D(-1)-4(-1)D’

1
~ _4AD-4D'+4D+4D’

COS(2X+Yy)== %cos(Zx +Y)

X ) . ] ]
P.lI = cos(2X + Introducing xin Nr. & Diff Dr.partially w.r.to D
= X cos(2x+Y) —;cos(2x+ y)
3(-4)+2(-2)-4(-) —12-4+4

—X
P.l =—cos(2x+
B (2x+Y)

The general solution is

z=C.F+P.

2= f(y-x)+f,(y—2x)+ f3(y+2x)—%cos(2x+y)

10.

Solve (D°~7DD"™ -6D")z = cos(x+2y) +4
Solution:
Given (D°~7DD"” —6D")z = cos(x+2y) + 4

Tofind C.F

The auxiliary equation is

m*—7m-6=0 replaceD=m,D'=1,2=0
m=-1 1 0 -7 6
0 -1 1 6
1 -1 -6 0




m=-1m?>-m-6=0

m=-1(m-3)(m+2)=0

~|CF=1(y=x)+ f,(y—2x)+ f,(y +3Xx)

To find P.1
P.l = ! [cos(x+2y) +4]
D®*-7DD’? -6D"
P.I=P.l +P.l,
1
P.1, = cos(x+2y) herea=1b=2 (Type:2)

D - 7DD -6D"
Rule: replace D* = —(a*) =-1;D"* = —(b*) = -4 & DD’ = —(ab) = -2

1

Pl = (DD _7D(-2)—6(2)D cos(x+2y)

cos(X+2y)

1
" _D+14D +12D’

1 D
=——————x—C0S(X+2Y)
13D +12D" D

=——>————COS(X+2
13D*+12D'D ( y)

= cos(X+2y) = M
13(~1) +12(-2) —13-24

_ —sin(x+2y)
37

P.I,

To find P.1,




1 0x+0 0
P.l,= 4™ wre” =1 Type:l
? D°-7DD'?-6D" &

=— 1,2 — 470 L4 Rule: Replace D =0,D"=0
D®-7DD"?-6D 0

- #460X+0y = X ooy
3D?-7D"? -0

=X geox0y _ X gooxioy
6D -0 0
2

_Xy
6
2x?

Pl ===
23

2

-1 . 2X
P.l =—sin(x+2y)+—
3 (x+2y) 3

The general solution is

z=C.F+P.

2

z=f(y—x)+ f,(y—2x)+ f3(y+3x)—;—7sin(x+2y)+2%

11.

Solve (D2 +3DD'—4D'2>Z = Xy +C0oS(2X + Y)

Solution: same as previous problem
Hint:

m=-4,1
C.F = f(y—4x)+xf,(y+x)

-1 X’y x*
Pl =—cos(2x+y)+———
5 (2x+y) 5 g

12.

Solve (D* +3DD'~4D")z = x+siny




C.F = f(y—4x)+xf,(y+x)

=57 +3DE’—4D’2 [x+sin(0x+y)]=... =X€3+Si%

13. | solve (D*~DD'-2D" )z = (2x+3y)+e”>*"

Hint:

m=-12

CF=1f(y—-x)+f,(y+2x)

P.I :5—)(3+3X—2y+ie3X+4y

6 2 35

14. | solve (D*—2DD'+ D)z = (2+4x)e*™”

Solution:

Given (D®—2DD'+ D)z = X’y%e*"”

Tofind C.F

The auxiliary equation is

m?—-2m+1=0 replaceD=m,D'=12=0

(m-)(m-1)=0

S|CF =1 (y+Xx)+xf,(y+Xx)

To find P.1

P.lI = L (2+4x)e®  herea=2,b=1 (Type:4)

D?-2DD’'+ D"




1

Plo——
(D-D)*

(2+4x) e

Rule:replaceD=D+a=D+1,D'=D'+b=D"'+2

1
(D+1-D'-2)

P.l =%

5 (2+4x)

- 1

— "2y 1 - (2+4x) = 1 > (2+4X)

[-1-D+D"] [1-(D-D)]

=" [1-(D-D')]" (2+4x)
:eX+ZY[1+2(D—D')+3(D— D)’ +...}(2+4x) (LX) =14 2+ 3 4+ A
=Xy [1+ 2D-2D'+3(D*-2DD'+ D'2)+...}(2+4x)
=e?[1+2D-2D'+3D° —6DD’ +3D" |(2+4x)

=e“?[1+2D+3D |(2+4x) - there is no'y term in RHS, neglect the term D’
=" [(2 +4X)+2D(2+4x)+3D?*(2+4x) ]

= [2+4x+2(4)+0]

Pl =" [4x+10]

The general solution is

z=C.F+P.l

z=f,(y+x)+xf,(y+x) +e*[4x+10 |

15.

2 2
Solve % —% =e* 7V sin(2x+3y)




Solution:

2 2
Given % - % =e*7Vsin(2x +3y)

(D*-D")z=e""sin(2x+3y)

Tofind C.F

The auxiliary equation is

m’-1=0 sreplaceD=m,D'=1,2z=0

m =1=

CF=1f(y—-x)+ f,(y+Xx)

Tofind P.1

P.l :ﬁex‘ysin(2x+3y) herea=1b=-1 (Type:4)

Rule:replaceD=D+a=D+1D'=D'+b=D"-1

1

P.l=¢" > >
(D+1)*—(D'-1)

sin(2x+3y)

1
x-y
D?+2D+1-D"?+2D'-

1sin(2x+3y)

1 )
= sin(2x+3 Herea=2,b=3
D?+2D-D"?+2D’ ( )

Rule: replace D* = —(a*) = —4;D"* = —(b*) =-9& DD’ = —(ab) = -6

= 1 sin(2x+3y) =e*”’ ;sin(ZX +3y)
—4+2D—-(-9)+2D’ 2D+2D'+5

=e*’ ;xgsin(2x+3y)
2D+2D'+5 D

=" D sin(2x +3y)

2D?+2DD’ +5D




_ev D sin(2x+3y)=¢e*"
-8-12+5D 5D-20

sin(2x+3y)

If we multiply and divide by D, we can not get the term D?,D’? term, so we take conjugate for constent term and multiplied with both Nr. & Dr.

D ><5D+20
5D-20 5D+20

— XY

sin(2x+3y)

5D%+20D .
=Y ————sin(2x+3
25D% — 400 ( )

oy 5D?sin(2x +3y)+20Dsin(2x + 3y)
25(—4)— 400

_ ey 5D cos(2x +3y)x2+20cos(2x+3y) x 2
—100-400

oy —20sin(2x +3y)+40cos(2x + 3y)
-500

X-y

pa=°
25

[sin(2x+3y)—2cos(2x +3y)]

The general solution is

z=C.F+P.

X-y

e
z=f(y=—x)+f (y+Xx) +
(y=x)+ f,(y+x) o

[sin(2x+3y)—2cos(2x+3y)]

Solve (D*+DD’'~6D"” )z = ycos X

Solution:

Given (D’ +DD'~6D" )z = ycosx

Tofind C.F

The auxiliary equation is

m’+m-6=0 replaceD=m,D'=12z=0

(m-2)(m+3)=0




~|C.F=f(y-3x)+ f,(y+2x)| - The roots are real and distinct = C.F = f,(y +m,x) + f,(y+m,X)

To find P.1

1
P.I= D7+ DD 6D~ y COS X Type: 5

1
_(D+3D')(D—2D’)ycosx

1

ZWI(C—ZX)COSXdX ~ Rule:y=c-mx herem=2
+
- ﬁ[(c—ZX)(Sin X)—(-2)(-cosx)] - Iuvdx UV, — U, ..
+
1 i
:(D+—3D')[ysm X —2c0sX]
=(D—13D,)I[(c+3x)sin X —2C0S x]dx > Rule: y=c+mx herem=3
+
=(c+3x)(—cosx) —(3)(-sinx)—2sinx . y=C+3X

=—YyCOS X+3sin X —2sin X

|P.I =sinx—ycosx|

The general solution is

z=C.F+P.

|z = f,(y—3x)+ f,(y +2x) +sin x—ycos x

17.

Solve (D* ~5DD'+6D"*)z = ysinx
Solution:

Given (D* —5DD’+6D"” )z = ysinx




Tofind C.F

The auxiliary equation is
m’> -5m+6=0

(m-2)(m-3)=0

~|CF=1(y+3x)+ f,(y+2x)

Tofind P.1

1
S
D?-5DD’+6D" y

P.l= inx

(D-30')(D-20) "

1
(D-3D")

I(c—2x)sin x dx

1
(D-3D)

(o-30)|

= —J'[(c—sx) cos X+ 2sin x Jdx

=—[ysinx—3cosx—2cosx |

|P.I =5cosx—ysinx

The general solution is

z=C.F+P.

[(c—2x)(—cosx) -

—ycosx—2sin x| =

=—[(c—3x)(sin x) — (-3)(~cos X) +2(~cos X) ]

wreplaceD=m,D’'=1z=0

. The roots are real and distinct = C.F = f,(y+mX)+ f,(y+m,X)

Type: 5

“~ Rule: y=c—mx herem=2

(-2)(=sinx)]

(D_—;D,)[ycosx+25inx]
“*Rule: y=c—mx herem=3

© y=c—-3X

|z = f,(y+3x)+ f,(y+2x) +5cos x—ysin x

J'uvdx =uv, —u'v, +...







