UNIT 111 APPLICATIONS OF PARTIAL DIFFERENTIAL
EQUATIONS

3.3 TWO DIMENSIONAL HEAT EQUATION (LAPLACE EQUATION)

o’u  o%u
2

1) The 2-D heat equation: —-+-—-=0
oxt oy

2) The various possible solution of 2-D heat equation is

1) u(x ,y)= (A cospx + Bsinpx) (Ce P + e "»)

i) u(x ,y) = (AeP* + Be ~P) (C cospy + sin py)
i) u(x ,y) = (Ax+B) (Cy+D)

1.

A square plate is bounded by the lines x=0,x =1,y =0and y =1, its faces are insulated. The temperature
along upper horizontal edge is given by u = x(I —x) when 0 < x < |. while the other three edges are kept at

0°C. Find steady state solution in the plate.

Solution:
The 2-D heat equation is
o°u  d%u
o oy P py
The Boundary conditions are u=x(/—x)
i) u(0,y)=0 y=I
i) u(l,y)=0
iii) u(x,0)=0
1K _
iv) U 1) = F(X) =x(l —x), 0<x<I - x=l
Here the non zero temperature is parallel to x axis then the 0<C
Correct solution is >
u(x, y) = (/Acos px+ Bsin px)(Cepy + De*”y) ————— @ y=0 o< X

Apply condn (i) in (1)

u(0,y) = (Acos0+ Bsin 0)(Cepy + De‘py)
0=A(Ce” +De ™)

Here Ce™ +De ™ =0 .. A=0

Sub Aiin (1)

u(x,y) = (Bsin px)(Cepy + De‘py) ————— (2)
Apply condn (ii) in (2)

u(l,y) =(Bsin pl)(Ce™ +De™)

0=(Bsin pl)(Ce” +De ™)

Here Ce™ +De™ #0,B=0 ..sinpl=0
nz

sinpl=sinnz = pl=nz = p:T

Sub pin (2)
nry _nmy
u(x,y)z(Bsin#j(Ce' + De ! J ————— (3)




Apply condn (iii) in (3)
u(x,0) = (Bsmnl—j(Ce +De”)

0= [Bsm@j(c +D)

Here sin@;«to,BiO, .C+D=0 =>D=-C
Sub D =-C in (3)

nzy _nzy
u(x,y) = (Bsm@ (Ce' —Ce ! j

nry  _nry
u(x,y):BCsin@ e! —e ! j

0 A0
u(x,Y)zBCsin@ 2sinh nTy) -8 2e =sinh @

u(x,y)=b,sin I—smh nTy let 2BC =D,
The most general Solution is

nry
u(x,y) = Zb sstmh T (4)
Apply condn (iv) in (4)

u(x,1)=>"b,sin #sinh nz

n=1
- . nzx .
f(x)=>B, smli let B, =b, sinhnz
This is Fourier sine series in(0,1)

I
B, =%If(x)sin$dx
0

2! . hmx
=—| x(I = x)sin——dx
I-([ ( ) |

- |
2| =2I°  nmx
=| ——cos
| N | 0

3
= I:j—la[cos nm—cosO]
T

4)? ,
33 [(_1) _1}

b, sinhnm = —
n




412

= [ ()" -1
" n3n3sinhnn[( ) ]
0 if nis even
b = 2
! % if n is odd
n°rm” sinh nm
Sub by in (4)
< 81° . nzX . nry
u(x,y) = - sin sinh
(x.y) n:%:s__, n’z°sinhnz I I
812 & 1 . nzX . N
u(x,y)=— T sin ”Xsmh Ty
70 ni3s.n°sinhnz |

A rectangular plate with insulated surface is 20cm wide and so long compared to its width that it may be
considered infinite in length without introducing appreciable error. The temperature at short edge x=0 is

10y, 0<y<10
10(20-vy), 10<y<20
0°C. Find the steady state temperature distribution in the plate.

Solution:
The 2-D heat equation is

u, Fu_, ty
ox2 ayz
The Boundary conditions are y=20 0T
i) u(x,00=0

i) u(x,20) =0 {
i) u(co, y) =0 -0 X=o0
. {10y, 0<y<10 0<C
iv)u(0,y)=

10(20—y), 10<y<20

The correct solution is 0T

u(x, y) :(Aepx +Be ™ )(C cos py + Dsin py) ————— ()]

Apply condn (i) in (1)

u(x,0) =(Ae™ +Be™ )(Ccos0+Dsin0)

0=(Ae™ +Be™)C

Here (Ae™ +Be™™)=0,

Sub C in (1)

u(x, y) =(Ae™ +Be ™™ )(Dsin py) ————- )
Apply condn (ii) in (2)

u(x,20) =( Ae™ +Be ™ )(Dsin20p)

0=(Ae™ +Be ™ )(Dsin20p)
Here (Aepx + Be*px);to, D=0

given by U = { and the two long edges as well as the other short edges are kept at

xv

=.8in20p=0=sin20p=sinnz = 20p=nzr =|p=—




Sub p in (2)
(2) =u(xy) = (Aen;’X + Ben;:J(Dsm n;oyj _____ A3)
Apply codn (iii) in (3)
- . nzy
u(ee,y) =(Ae” + Be )(Dsmz—oj

O=(Ae°°)(Dsm ”yj

20
temperature e* #0,D =0 ,sin%;to,
sub A'in (3)

_[ge® nzy
©)] :u(x,y)—[Be ](Dsm 20 j

nzXx

u(x, y):ibn sinVYe 0 ________ (4)
n-1 20
Apply condn (iv) in (4)

u(0,y)=>b, sm%e
n=1

= . nry
f(y)=) b,sin—=
nZ:;‘ 20

This is half range sine series in (0,20)
|
b, :Ejf(y)ssinrﬁr—ydy

nry
f sin—=d
20 (y) 20 v

Yy ry
10 sm d 10(20 - sm d
D ysin =2 y+I (20— y)sin =2 y}

nry Ty
sin—=d 20— sm d
{Iy 2 y+I( y)sin =2 y}

10

20

200  nz 400 . nz 200  nz 400 . nx

=——C0S—/—+——SIN—+—C0S——+——SIN——

nz 2 nr 2 nz 2  nz’ 2

~|[ -2 10)cos ™ + 240 in ") 0y | 4| (0)-[ - 22 10y cos -
|\ nz 2 nrx 2 nz 2

nzy nzy nzy nzy
—COSE —smE —COSE —smW
=| (Y) r - T +| (20-y) T -= W
20 400 0 20 400 0
r 10 20
= —E(y)cos nzy | 42002 sin Y +|:—£(20— y)cos nzy _ 400 sin n;ry}
nz 20 n°rz 20 |, nz 2 20

—400 sin n—”j
n2z? 2




Sub by in (4)

800 1

800 . nzy - (i) -0

= . nhr -
u(x,y)= > ——sin—-sin—-=-e 1
(%) nZ:l: n’z? 2 20

n=1

nzy
20

nzx

. N7 o
—sin—sin—=e¢ 1
n 2

An infinitely long rectangular plate is of width 10cm. The temperature along the short edge y=0 is given by

20x, 0<x<5
- _{ZO(lO—x), 5< x <10
temperature at any point on it.
Solution: 4
The 2-D heat equation is
o’u  d%u
—+—=0
x> oy’
The Boundary conditions are
i) u(0,y)=0
i) u@0,y)=0
iii) u(x,0)=0

0T
x=0

by

y=co

ANANANANN

y=0

0T

x=10
0T

. If all the other edges are kept at zero temperature. Find the steady state

0<x<5

20x,
V) u(x,0) = {20?10— x)

Here the non zero boundary condition is parallel to x axis then
The correct solution is

u(x, y) =(Acos px+Bsin px)(Ce™ + De ™ ) ————— 0
Apply condn (i) in (1)

u(0,y) = (Acos0+ Bsin0)(Ce™ + De ™)

0= A(Cepy + De’py)

Here (Cepy +De ™)=0, .[A=0

Sub Cin (1)

u(x,y) =(Bsin px)(Ce™ + De ™) ————— 2)

Apply condn (ii) in (2)

u(l0, y) =(Bsin10p)(Cepy + De‘py)
0=(Bsin10p)(Ce™ + De ™)

Here B0,(Ce™ +De ™ )0 ~.sin10p=0

5<x<10

~.sinl0p=0=sinl0p=sinnz =10p=nzr = p=r11—z)Z
Sub pin (2)

u(x,y) = [Bsin %j[Cenlﬁoy + DenlﬂoyJ ————— (3)
Apply codn (iii) in (3)

. nzX " .
u(x,oo)z[BsmEj(Ce + De )

O=(Bsin%)(Ce‘” + De”)

Here B #0,e” ;tO,sin%;tO -C=0

u(x,0) = {

20x,

0<y<s

20010 - x).5 <y <10

XV




sub C in (3)
. NzX -y
, =B 7 || De w0
u(x,y) ( sin 0 j[ e J

X _nzy
b,s n e
u(x,y) = Z i 0
Apply condn (iv) in (4)
u(x,0) = Zb sin 12X

—O

Nz X
f(x b, sin—

(x)= Z 10
This is half range sine series in (0,10)

—If(x)smmdx

=—j f(x)sin—odx

5
_[20xsm—dx+j20(10 x)sm—xdx
10 0 20

5
—0 fx5|nmdx+j(10 x)smmdx
105 10

nzX . nzX ’ nzx . nzX
—cosW —slnW —cosﬁ —smE
=241 (x) e - o +| (10-x) e (-1 o
10 100 /|, 10 100 /]
r 15 10
~ 24 =20 )cos MX+ 12002 sin Nz X N —E(lo—x)cos nzx 12002 N nzx
| Nz 10 n°z 10 |, nz 10 n°z 10 |,
:2{ (—E(S)cosn—” 00 j (0)}[(0) (——(5) Sk 12002 Si”n—”ﬂ}
L\ Nz 2
[ 50 nz 100 . nz 50 nz 100 nﬂ:l
=2| =——C08—~+——SIN—=+—C0S—~+——Sin—-
nz 2 nr 2 nrx 2 T 2
400 . nrz
b, = Wsm—
Sub by in (4)
> 400 . nzr . ngx - 400 1 nr . nzx -2
ux,y)=) ——sin—sin——-e ° = U(X,y)=— ) — m—sm g 10
( y) nZ::nzﬂ_z ( y) 72_ :1 2 10

An infinite long rectangular plate with insulated surfaces is 10 cm wide. The two long edges and one short

edge are kept at 0°C, while the other short edge x = 0 is kept at temperatureu ={

Find the steady state temperature distribution in the plate.

Solution:
The 2-D heat equation is

0<y<5H
5<y<10

20y,
20(10-y),




o’u  d%u
7 + 5 = 0

ox~ oy

The Boundary conditions are
i) u(x,00=0

i) u(x,10)=0

iii) u(oo, y)=0

iv) U(0, y) = 20y, 0<y<5h
= 20(10-vy), 5<y<10

The correct solution is

u(x, y) :(AepX + Be‘px)(C cos py + Dsin py) ————— )]
Apply condn (i) in (1)

u(x, 0) :(Aepx +Be ™)(Ccos0+Dsin0)

0=(Ae™ +Be™)C

Here (Aepx + Be‘px);éo, ~C=0

Sub C in (1)

u(x, y) =(Ae” +Be ™ )(Dsin py) - ———- )

Apply condn (ii) in (2)

u(x,10) =(Ae™ + Be ™ )(Dsin10p)

0=(Ae™ +Be ™ )(Dsin10p)
Here (Aepx + Be*px);to, D=0

~.8in10p=0 =sinl0p=0sinnzr =10p=nz = p=n—7r

10
Sub pin (2)
(2) =u(x,y) =(Aenl”°x + Be_TOXJ(Dsin nlioyj ————— A3)
Apply codn (iii) in (3)
u(oo, y) =(Ae“’ + Be‘w)(Dsin nlioyj

_( pe® o N7zy
O_(Ae )(Dsm 0 j

temperature e” #0,D =0 ,Sin%;ﬁO, S A=0
sub Ain (3)
(3) =u(xy)=|Be * [Dsin ﬂj
10
u(x,y)=> b, sinnlioyefF ________ (4)
n=1

Apply condn (iv) in (4)
u(0,y) = b, sin VY 0
n=1 10

= . Ny
f(y)=) b,sin—-
2,057

Which is half range sine series in (0,10)




2| . hry
b =—| f(y)ssin—=d
! I (y)ssin=">dy

== jf(y)ssm—dy
=— .[20ysin mdy +1I020(10 - y)sinmdy
10 10 10

y
b, Dysm 10 dy+I(10 y)sm—ody}

5

10
20 —cosnlioy —sinnlioy —cosnlioy —sinnlioy
HiN R R T R T
10 100 0 10 100

5

2_2

[—50 nr 100 . nz 50 nr 100 . nﬂ:|
4| —cos— — +—C0S— + ——-Sin—
nz

n’z 2 nz 2 n*zl
800 . n«
b, = Wsm—
Sub by in (4)
© nzy nl’;X
u(x, sm—sm e
(x.) ;n 10

u(x, y)_@ izsinn—” sin Y e 10

ﬂ' = N 2 10




