ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

5.3 Triple Integrals- Volume of Solids

Triple integration in cartesian co-ordinates is defined over a region R is defined by

Iy f&xy,z)dxdydz or [[f, f(xy,z)dV or [ff, f(x,y,2)d(xy,2).
Type | — Problems on Triple Integrals

Example:
Evaluate foa f;’ foc(x +y + z)dzdydx

Solution:
foa fob foc(x + vy + z)dzdydx = foa fob [xz +yz + %]:) dydx
= foa fob (xc + yc + CZ—Z) dydx
= [ frey+ 55+ 2 o

2 2
=fa(xbc+u+bi)dx
0 TWE

+
2 2

x?bc . b%cx . bc?x]?
e ]
2 0
a’bc = ab?c = abc?
[N e
2 2 2

abc

W, EAN YT
Example:
Evaluate fol fylz fol_x xdzdxdy
Solution:
fol fylz fol_x xdzdxdy = fol fylz [xz]37* dxdy
= [y 2 x(1 = x) dxdy

1 -1
= J, [(x— x?) dxdy

- fol [Xz_z B g]:,z dy
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105-70—-21+10 _ 24

210 210 _ 35
Example:
Evaluate f01 fol_x Iy " e?dxdydz
Solution:
fol fol_x f0x+yezdxdydz = flfl_x fx+yezdzdydx
= [y J; "1e15 dydx
=l 1_"(e"+y — 1) dydx
B J‘ x+y 1 -X dx
= fo (eXt1=* — 1 +x —e¥)dx
= fol(e— 14+ x—e¥)dx
1
= [ex—x+x—2—ex]
2 0
=e—1+--e~0+0-0+1
e
T2
Example:
Evaluate [ fOJ S fOJ P dzdxdy
Solution:

f f‘/az v? f\/az_x A dzdxdy = f f\/az \/az—xz—y dxdy

— foa foﬂaz_yz \/az _ X2 —_ y2 dxdy
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Sy AGE (m)z ~ x2 dxdy

— fa[x\/(az — y2) — x2 +2

2 aZ_y2
-1 X
sin ] dy

2_y2
ayo

f ( Y Sin 11—O—O)dy

Example:

loga x rx+y
Evaluate [ =" [ [, ~ e*"**dzdydx
Solution:

o7y 0y e dadydx = [0 fTex ) dydx

= fowgafox(ez(x+y) _ ex+y) dydx

log a [e2(+Y)

=/, g [ —ex+3’] dx
loga (e** e?x

= [ ( ——+ex)dx
0 2
log a fe**

= [ ( ——><—+e )dx
edt  3p2x loga

[
8

l
e4oga_éezloga+eloga_l+§_1
8 8 8 8
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loga4 — —
e 3 2 1+6—8
= —=eloga +a+( )
8 8 8
a* 3a? 6
-2 _ +a—- [._.elogx:x]
8 8 8

Type:1l Problem on Triple Integral if region is given
Example:
Express the region x > 0,y > 0,z > o0, x* + y* + z? < 1 by triple integration.

Solution:

For the given region, z varies from 0 to /1 — x2 — y?
y varies from 0 to V1 — x?

x varies from0to 1

sl = fol fo\/l_xz fO\/1—x2—y2 dzdydx

Example:

Evaluate [[[ x2yzdxdydz taken over the tetrahedron bounded by the planes
_ — — 2\ _N\TNS
x=0y=0z=0and a+b+c—1.
Solution:
Given = +24+%Z=1.
a b ¢
y

Limits are , z varies from 0 to ¢ (1 — g — E)

y varies from 0 to b (1 — E)

x varies from Q0 to a

[[[ x*yzdxdydz = foa fob(l_g) foc(l_g_%) x2dzdydx

X 2 1-2-Y
_ D ey :( 2 h) aydx
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y

'_b)zdy

2 bk
=[xy (k

k2y2 y4-

C2 a rbk 2 2 y2

?kk’”%k+§_
c? ra bk y3  2ky
Th I (v + = 5

2ky3
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dx [ k=1- g]
) dydx

2) dydx
bk

C2 a 2[

__J‘ X

270 2 4b2
b2k*

b*k*  2b3k*

o

c2 ra_o
zfox(z+

bZk*

4b2
2b2k*

) dx

3b

f (bzk4

4

) dx

3

(G+3-3)dx

b2 ca_; ( x)
=— fo 1 = dx
-1 -1)(n-2
[ (1-x)"=1- +MX2_MX3+...]
2! 3!
b%c? ca 2 ( 4x3  x%  4x3x2 _ x3  4x3x2xx1 _ x*
= 1——+— — — X—-I-—X—)dX
24 fO a az 3! a3 4! at
b2c2 a( 5 4x3  ex*  ax>  x°
= by e T +———)(ix
24 fO a a2 as at
b%2c2 [x3  4x*  6x°  4x° x7 12
= = B + 2 .3 4
24 L3 4a 5a 6a 7a*1g
_ b3c? [a3 a* n 2= OPZER 12 a’
" 24 |3 a 5a2 3a3 7a%
b2¢c? [a3 6a3 2a3 a3
= a4 =—-=4=
24 3 5 3 7
3b2¢c? 1 6 2 1
- [— 14824 —]
24 3 5 3 7
__a3b2c2(35—105+126—70+15)
T 24 105
. a3b2c2( 1 )
— 24 \105
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a3b2c2

2520

Example:

Find the value of [[[ xyzdxdydz through the positive spherical octant for which

x* +y? +z* < a?
Solution:
In the positive octant, the limits are

z varies from 0 to /a2 — x2 — y2

y varies from 0 to Va2 — x?

x varies from 0 to a

2

=[O [ Y rdzdydx

a ~Va2-x2 [xyz? Jaz-x2-y?
=1y Jo [ ]

2

dydx
0

= [7 [ xy(a? - x2 — y?) dydx

_1 a az—xz 2 3 3
= 12 N NS
1 rafa?xy? x3y? xy* a?-x?
e
2Jo | 2 2 4 1o
1 cz(azx(az—xz) x3(a?-x?) x(az—xz)z)
=_f — — dx
270 2 2 4
_lrax, 5  oN[ 2 2 (a®—x?)
—Zoz(a x)[a X ]dx
_ lfa x(a?-x?)(a%?-x?) dx
270 4
1
— Ef()“x(az — x2)2 dx
Puta? —x?=t x=0->t=a?
—2xdx = dt x=a->t=0
1.0 ,( dt
= =3z (_7)
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Example:
Evaluate [ff, (x +y + z)dxdydzwhere D:1 <x<2,2<y<3,1<z<3

Solution:
(x+y+z)dxdydz = N 3(X+y+z)dzdydx
D 12 )1
2 (3 213
=, [ [xz+yz+z?]1 dydx
2 (3 9 1
=J; J;3x+3y+-—x—y—2)dydx
=f12 f23(2x+2y+4) dydx
2 3
~ 2y
=[] [ny+7+4y]2dx

= [7(6x+9+12 — 4x — 4 — 8) dx

= f12(2x +9) dx
2 2
=[Z+ 9x]
2 1
=4+18-1-9
=12
Example:
dxdydz ; 2 2 2 2
Evaluate [[[ T OV the first octant of the sphere x* + y* + z* = a
a’—x*—y4—z

Solution:
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dzdydx

dxdydz _ ra VaZ—xZ JaZ—xZ-y2
IUNJaZ—XZ—yZ—zz __Jb L) Jb JaZ—x2—yZ—72

_ foa f(;/aZ_XZ f(;/aZ_XZ_YZ

=fo L [

dzdydx
J [(aZ—x2—y2)2—72

] az—x2 _y2

dydx

2_g2_y2
a?—x*-y?],

= [ [V 7 (sin"!1 — 0) dydx

= 3 T aydx

T ra
__Efo VvaZ —x2dx
2
|X a . .
——E[E\/az—x2+?sm 1—]

> Iyl dx

a

alp

=2[0+Zsin'1-0-0]

_ma’m

222
_ m%a?
8

Exercise:

1. Evaluate [ [ [/ (x +y + 2) dzdydx

2. Evaluate fol fol_x f(;”yxdzdydx

3. Evaluate ff [y fOJX_yxyzdzdydx
4. Evaluate folong;( fsﬂogye"*y”dzdydx

5.Evaluate [ [* [ e¥*V*2dzdydx

Ans:12
Ans:l
8
Ans: 2[2(9v3 - 1) — log3]
Ans:E
8

Ans: % [e*? — 6e22 + 8e? — 3]

6. Evaluate [[f, (x +y + z) dxdydz where the region V is bounded by
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4

x+y+z=a(@>0),x=0y=0,z=0 Ans:%
1 V1-xZ J1-x2-y2  dzdydx | m?

7. Evaluate fO fO fO \/ﬁ AnNs: ?
8. Evaluate [* [ ["(x +y + z) dxdydz Ans: 0

Triple Integrals — Volume of Solids

Volume = [[f dzdydx where V is the volume of the given surface.

Example:
Find the volume of the sphere x? + y? + z? = a?
Solution:
Volume =8 X volume of the first octant

z varies from 0 to /a% — x2 — y2

y varies from 0 to Va2 — x?2

x varies from 0 to a

=8 fga fo\/az_xz fO\/aZ—XZ—yz dzdydx

=8/ Oa fO\/aZ_xz [Z]E)/az_xz_yz dydx

=8/ [ - Ja?z — x2 — yZ dydx

— 8 an fOVaZ—XZ \/( ,—az - XZ)Z - yz dde

1/aZ_X2

aly a’?-x? | _ y
=8/, [E\/a2 —x?—y?+=——sin 1 '—aZ—XZ]O dx

_ a (@*-x%) . _q

=87 (0+"="sin""1-0)dx
— ar 2 AN

=4[ (@ —x )5 dx
=21Tfoa(a2—x2) dx

%312
= 2T [azx——]
31p
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2a3
=2 X —
3

a3

CU. units.

Example:

72

Find the volume of the elllpSOId — + + =1

Solution:

Volume =8 X volume of the first octant

2 2

z varies from 0 to ¢ fl ———;’—2
. X2
y varies from 0 to /1 .

x varies from 0 to a

X2 y2

a Jl—x—z C\[l__Z__Z
v=8f [* “f" “ " dzdydx
2 2 2
R
= 8f0a Jy aZ[Z](C) “* P dydx

= 8f0af0b@c\/(1 —Z—z) —Z—idydx

= %foa fokw/k2 — y2 dydx where k% = b? (1 — Z—z)

%0[ k? -y + —1Z]de
—Sbc (O+—sm‘11—0)dx
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=22 [k dx

chf bz (1——)d
= 2bcm foa (1 — %) dx
340

= 2bcm [x—gx—z]o
= 2bcm [a——
= 2bcm (a—g)

2a
= 2bcm X ?

_ 4mtabc

Cu.units.

Example:
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Find the volume of the tetrahedron bounded by the coordinate planes and

*1Y¥rZ2 4
a b c
Solution:

Volume = [ff dzdydx

z varies from 0 to c (

y varies from 0 to b (1 — g)

x varies from 0 to a

V=2 b(1-3) IN (1-3%) dzdydx
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abc .
= e Cu. units.

Example:

Evaluate [ff, dxdydzwhereV is the volume enclosed by the cylinder x* + y* =

landtheplanesz=0andz =2 — x.

Solution:
In the positive octant, the limits are
z varies from0to 2 — x

x varies from0to /1 — y?

y varies from —1to 1
[If dxdydz = 2 [*, [ [27 dzdxdy
=20 [ 1 axdy
=2 f_ll IOW(Z — x) dxdy

=2/ [2x~ "2—2]@

=21, 21y - (57) &y

dy
0
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1 1

=4[ [Vi-y?|ldy— [ [1-y’ldy

—4[Y. A vz F R N

—4_2 1-y +251n y]_1 [y 3]_1

—aloxlcin=11—0—lain-1—N\|-[1_1 _1
= 4|0 +sin"'1 -0 —Zsin (1ﬂ h “+1 J

Exercise:
1. Find the volume of the tetrahedron whose vertices are (0,0,0), (0,1,0), (1,0,0) and (0,0,1)

1 .
ANS: - Cu. units.

2. Evaluate fff, dzdxdy, where V is the volume enclosed by the cylinder x* + y* = 4 and
the planesy +z=4and z = 0. Ans:1 6tcu. units
3. Find the volume of the region bounded by the paraboloid z = x? + y? and the
plane z = 4
Ans:8mcu. units
4. Find the volume of the ellipsoid % + % + i—z = 1 by using triple integration.
Ans: 3 21cu. units
5. Find the volume of the tetrahedron bounded by coordinate planes and the plane

Yo AnNS: 4cu. units
2 3 4
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