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Line, surface and volume integrals

In electromagnetic theory, we come across integrals, which contain vector
functions. Some representative integrals are listed below:

Jﬁdv Jw? lﬁ.d? !?.d's’

In the above integrals, F and ¢

respectively  represent  vector and  scalar  function of  space
coordinates. C,S and V represent path, surface and volume of integration. All these
integrals are evaluated using extension of the usual one-dimensional integral as
the limit of a sum, i.e., if a function f(x) is defined over arrange a to b of values
of x, then the integral is given by
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a Wl e (1.42)

where the interval (a,b) is subdivided into n continuous interval of lengths 8y Sx,‘.

lE-EE
Line Integral: Line integral

is the integral of the tangential component Ealong the curve C.
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is the dot product of a vector with a specified C; in other words it
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Figure : Line Integral

Fig 1.14: Line Integral

2
P JE.dI - IEcos 8dl
As shown in the figure 1.14, given a vector £ around C, we define the integral a
the line integral of E along the curve C.

as

If the path of integration is a closed path as shown in the figure the line integral becomes a closed

Edl
line integral and is called the circulation of £ around C and denoted as 35 as shown in the
figure 1.15.
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Figure: Closed Line Integral

Fig 1.15: Closed Line Integral

Surface Integral :

-

Given a vector field A, continuous in a region containing the smooth surface S, we define the

B = !Acosé’dS'- Jﬁ.a", ds = s[317.413‘
surface integral or the flux of Athrough S as
over surface S.

as surface integral

Surface S

Fig 1.16 : Surface Integral

If the surface integral is carried out over a closed surface, then we write
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Volume Integrals:

J A m fdv

We define as the volume integral of the scalar function f{function of spatial

Fav
coordinates) over the volume V. Evaluation of integral of the form ‘[ can be carried out as a
sum of three scalar volume integrals, where each scalar volume integral is a component of the

vector F

The Del Operator :

The vector differential operator V was introduced by Sir W. R. Hamilton and later on developed by
P. G. Tait.

Mathematically the vector differential operator can be written in the general form as:

1 3. 1. 10 .
Ve ——a,+——a,+——a,
T T S S— (1.43)
In Cartesian coordinates:
V=£&,+i‘,+ia,
S 2 (1.44)

EC3452 ELECTROMAGNETIC FIELDS



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

In cylindrical coordinates:

and in spherical polar coordinates:
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Gradient of a Scalar function:
Let us consider a scalar field V/(u,v,w) , a function of space coordinates.

Gradient of the scalar field V is a vector that represents both the magnitude and
direction of the maximum space rate of increase of this scalar field V.

Fig 1.17 : Gradient of a scalar function

As shown in figure 1.17, let us consider two surfaces Sland S2 where the
function V has constant magnitude and the magnitude differs by a small amount
dV. Now as one moves from S1 to S2, the magnitude of spatial rate of change
of Vi.e. dV/dl depends on the direction of elementary path length dl, the
maximum occurs when one traverses from S1to S2along a path normal to the
surfaces as in this case the distance is minimum.
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By our definition of gradient we can write:

since @7

which represents the distance along the normal is the shortest distance between the
two surfaces.

For a general curvilinear coordinate system

di=a d, +a d +a,d, =|hdua, +hdva, +hdwa,

Further we can write

AV dVdn dV &
—=——=—cosa=VVq
di dn dl dn (1.49)

Hence,
AV =VV.dl =V (hdua, +hdva,+ hdwa,)

Also we can write,
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dV:—a—-I{d! +8Vd1‘ +-8—V-df

& v w

[aV y ¥ 5 Vg ](dz,a,+dz,a,+d1a)

a A A,
., . .
[klau "+h33va'+h38w ](h,dua +hdva, +hdwd,)

............................ (1.51)

By comparison we can write,

.............................................

Hence for the Cartesian, cylindrical and spherical polar coordinate system, the
expressions for gradient can be written as: In Cartesian coordinates:

VV—%d +3V& +%a

x

&y B e, (1.53)

In cylindrical coordinates:

VV=8—V-6P+—1--6£/-8¢+-8K3

B0 5B N (1.54)

and in spherical polar coordinates:

VV:ﬁa +13Va + 1 aV&

Al R T (1.55)
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The following relationships hold for gradient operator.

VW +) = VU+VV
VW) =VVU +UVV

V(-E-j-)— VYU -uvv
7 8
VI =2l VY eeeeeeeeeeeeeeeeeeeees e resenns (1.56)

where U and V are scalar functions and n is an integer.

dV n
—(= AV a)
It may further be noted that since magnitude of & depends on the direction of dl, it is

called the directional derivative. If A=AV, Vis called the scalar potential function of the vector

function 4.
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