ROHINI COLLEGE OF ENGINERING AND TECHNOLOGY

PROPERTIES —- HARMONIC CONJUGATES
Laplace equation

a2¢p = 02 . . : :
=2 + 2% = 0is known as Laplace equation in two dimensions.

0x2 ayz

Laplacian Operator

2% | 9% . : :
i 37 is called the Laplacian operator and is denoted by V2.
Note: (i) % + o + %o _ 0 is known as Laplace equation in three dimensions
"\Wooxz U oayz | 9z2 P g '

Note: (ii) The Laplace equation in polar coordinates is defined as

o’ L 109  103%¢ _ 0
arz  ror 12002

Properties of Analytic Functions
Property: 1 Prove that the real and imaginary parts of an analytic function
are harmonic functions.
Proof:

Let f(z) = u +iv be an analytic function

U, =v,...(1) and u,=-v, ...(2)byC-R

Differentiate (1) & (2) p.w.r. to x, we get

Uyx = Vxy +-- (3) and  Uyy = —Vyy .. (4)
Differentiate (1) & (2) p.w.r. to x, we get

Uyy = Vyy ... (5) and  uy, = —y, ...(6)
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@) +(6) = e + Uy =0 [¥ vy = 1)y]
B)-(A)= v tvyy =0 [Fuyy = Uyl
~ u and v satisfy the Laplace equation.
Harmonic function (or) [Potential function]

A real function of two real variables x and y that possesses continuous second
order partial derivatives and that satisfies Laplace equation is called a harmonic
function.

Note: A harmonic function is also known as a potential function.
Conjugate harmonic function

If u and v are harmonic functions such that u + iv is analytic, then each is
called the conjugate harmonic function of the other.

Property: 2 If w = u(x,y) + iv(x,y) is an analytic function the curves of the
family u(x, y) = ¢4 and the curves of the family v(x, y) = c, cut orthogonally,
where ¢, andc, are varying constants.
Proof: [A.U D15/J16 R-13] [A.U N/D 2016 R-13] [A.U
A/M 2017 R-08]

Let f(z) = u + iv be an analytic function

= Uy =1y ... (1) and U, = -y ...(2) byC—R

Given u=c;andv =c,

Differentiate p.w.r. to x, we get
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d d
ux+uy£=0and vx+vy£=0

dx uy dx vy

Uy Ux
>m, = o =>m, = o
y y

my.m, = (1) (‘—) _ (”—) (%) = ~1by (1) and (2

uy, J\ v, uy ) \uy
Hence, the family of curves form an orthogonal system.

Property: 3 An analytic function with constant modulus is constant. [AU. A/M
2007] [A.U N/D 2010]
Proof:

Let f(z) = u + iv be an analytic function.

S U =7y, ...(1) and  u, = —vy ...(2) byC-R

Given |f(2)|=Vu2+v2 =c#0

=|f(2)] = u? + v? = ¢? (say)

(i.e)yu*+v:=c* ...(3)

Differentiate (3) p.w.r. to x and y; we get

2uu, + 2vv, = 0= uu, +vv, =0 ..(4)
2uu, + 2vv, = 0= uuy, + vv, =0 ...(5)
d)xu = vu,+uvv, =0 ...(6)
G)xv =uvu,+ viv, =0 ..(7
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©)+(7) =>uPu,+ vy, +uwv v, +u,] =0
= Uy + viu, +uv [ —u, +u,] = 0by (1) & (2)
= (W+vH)u, =0
= u, =0
Similarly, we get v, = 0
We know that f'(z) = u, + v, =0+i0 =0
Integrating w.r.to z, we get, f(z) = ¢  [Constant]
Property: 4 An analytic function whose real part is constant must itself be a
constant. [A.U M/J 2016]

Proof :
Let f(z) = u + iv be an analytic function.
U =1,...(1) ad u,=-v, ...(2)byC-R

Given u =c [Constant]

=u, =0, u, =0

=u, =0, v,=0 by(2
We know that f'(z) = u, +iv, =0+i0 =10
Integrating w.r.to z, we get f(z) = ¢ [Constant]
Property: 5 Prove that an analytic function with constant imaginary part is
constant. [A.U M/J 2005]

Proof:
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Let f(z) = u + iv be an analytic function.
U =v,...(1) and u, =-v, ...(2)byC-R
Givenv = [Constant]
=>v, =0, vy, = 0
We know that f'(z) = u, + iv,
=v, +iv, by (1) =0+i0
= f'(z) =0
Integrating w.r.to z, we get f(z) = ¢ [Constant]
Property: 6 If f(z) and f(z)are analytic in a region D, then show that f(z) is
constant in that region D.

Proof:

Let f(z) = u(x,y) + iv (x,y) be an analytic function.
f@) =u(xy) =wxy) = ulxy) +i[=v(xy)]

Since, f(z) is analytic in D, we get u, = v, and u,, = —v,
Since, f(z) is analytic in D, we have u, = —v,, and Uy, =y
Adding, we get u,, = 0 and u,, = 0 and hence, v, = v, =0

v f@)=ue+ivy,=0+i0=0
~ f(z) isconstant in D.

Problems based on properties
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Theorem: 1 If f(z) = u + ivis a regular function of z in a domain D, then
V2 |f ()| = 4|f'(2)|?
Solution:
Given f(z) =u+iv
> |f(2)] =VuZ +v?
= |f(2)|? = u? + v?

= VIf ()P = V2 + v?)

= Vi(u?) + V2(v?) (D
62 62 62( 2) 62( 2)
V2 (uz) = (m + F) u?+= 6;2 + 6:2 -.(2)

2y ) 2y 22 22 ()

dx2 0x 0x 0x?2 0x

2
Slmllarly, (uz) L 2u— + 2 ( y)

(2> v2u?) =2u(Zh+ ZTu) \ZE ¢ [(3‘2)2 + (Z_lyt)z]

o2 ou\2 . .

=0+2 [(5) + (5) ] [~ u is harmonic]
V2(u?) = 2uf + 2uj

Similarly, V2(v?) = 2v} + 2v)

(1= V2|f(2)|* = 2[u? + u2 + vZ + v
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= Z[uazc + (_vx)Z + U,? + uﬁzc] [ux = vy;uy =
_vx]

= 4[u; +vy]

(i.e)V2If(2)|* = 4If'(2)I?

Note: f(z) =u+iv; f'(z) = u, +iv, ;

(N f'(2) = vy + iuy, s If ' (2| =y/uf + v ;

f'@I° = uz +v¢

Theorem: 2 If f(z) = u + iv is a regular function of z in a domain D, then V?
log |f(z)| = 0if f(z) f'(z) # 0inD. i.e., log |f(z)| is harmonic in D. [A.U A/IM
2017 R-13]
Solution:
Given f(z) =u+iv
If(2)| = VuZ +v2

log |f (2)] = ; log (w* +v*)

Vilog|f (2)] =%V2Iog (u? +v?%) =

(Z5+2)log(u? + v?)
0x2  0y?2 glu v

10 2 2 1 92 2 2
=-—[log(u* + v)] + Ea_yz[log(u +v%)]

2
2 0x?

(D
19% 2 4 2] — lﬁ[ 1 ( ou a_”)] _ 9 [_””x+”"x]
2 0x? [log(u T )] ~ 20x luz+v2 2u ox T Zvax T ax L uz+v?
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(U H0D) [Ulgey U U HVVx e U Vs | — (Ul V05 (RUUL+2VVy.)
(u?2+v?)?

(P H0D) [Ulyey F VU HUSHVE] - 2 (UL VY,
o (u?+v?)?

102 [log(uz + UZ)] _ W +vD) Uty y +vvyy +ud+v3| - 2(uuy +vvy)?

2
oy? (u?2+v?)?

()= VZloglf (2)] =

Similarly,

2.2 2,2 2.2 2 2
U2+ [U(Uxx iy y ) +V(Uxx+Vyy) H(UEHUS) +(VE+V5)] -2 [utx+Vvy ] —2[uny, +vv, |
(u?+v?2)?

W2 +v)[u(0) +(ui+vE)+ud +v3)——2[uPui +v2vZ+2uv u vy +u? ud+vvi+2uv uy, vy
(w2 +v?)2

[+ Upx + Uyy =

0, Uy + vV, = 0]

W2+v2)[|f' (22| +|f' (2)?|-2[u? Ui+ u)+v2 (VE+v3) +2uv (Uy Vytiuy Vy]
(u2+v2)2

[f'(2) =u+iv,|f' (D] =u, +iv, (0r) f'(2) =v, —iuy|f' (2|
u + v2
(on If' (2|7

2 2
uy+ Uy,

2P+ (@2 -2[u?|f! ()| +v?|f! (2)2|+2uv(0)]
o (u2+v2)2

[“u, = Uy, Uy = —Vy]
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SUy Uy +Uuyv, =0
=up +uj = ug + v = |f'(2)|?
=vy +vy = uy + vy = |f'(2)|?

22+ f @)1 -2 +vR)|f (2)|

(u2+v2)2

(i.e.) V?log|f(z)| =0

Theorem: 3 If f(z) = u + iv is a regular function of z in a domain D, then

Vi(wP) =p(p - 1) wP2|f' ()|

Solution:
200, P — i i b
v(w?) = (5 + 577) (W)
62
= @) + P

2 wP) = o [puPt 8 = puPtug, 4 p( = DuP 7 (1,)?
Similarly, %(uz’) = puP~tu,, +p(p — DuP~?(u,)?

(D)= VE@P) = puP M (ue +uyy) +p(p — DUP?[uy + uj]

= puP~1(0) +p(p — DuP?|f'(2)|?

[“Upe FUyy =0,f(2) =u+iv, f'(2) =u, +ivy, |f'(@* =uf +us

v VE@P) =p(p - ) uP?f'(D))?

Theorem: 4 If f(z) = u + iv is a regular function of z, then V2|f(2)|P =
PYIf@IP2If (@) .
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[A.U N/D 2015 R-13]
Solution:

Letf(z)=u+iv

|f(2)| = Vu? + v? (@)
If(@DIP = (u? + v?)P/? ... (b)

VAP = (2 + =) @? + v?)P/?

0x2
2 2
= ;7(112 +v3)P/2 ¢ aa_yz (u? + v2)P/2
2
%(u2+v2)p/2— [ (u? + v?) [2u—+2 ”

p

= pW? + vz ury, , + Uyt + VU + V0]

+p(§ )(u +v) ? (U, +
vu,) Quu . + 2vvy,)

P

= p(u® 4+ v2)z uuy, , + U2 + Vv, + V2]

p 2
+2p (E )(u +v ) 2(uu 5 + vvy)

Similarly, (u + v?)P/2 = p(u? + v? [uuyy +uZ + vv,, + V2]

a 2
+2p(B-1) @ +

p_
v2)2 % (uuy, + vu,)?
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p_

= V()P = p? + v2)2 u(yy + Uyy) + v(0py + 1) +u +ud +
vi +vi] +
2p (g - 1) (u? + vz)g_z[uzu,zc + 202 + 2uv w, v, + utul +
v2vZ + 2uv uyv, |
= p(u? + v2)2 [u(0) + v(0) + 2(u2 + u2)]
+2p (B 1) Q2 + v 2 [ + 1) + v (w2 + v) +
2uv(Uy vy + uyvy)]
= 2p? +v2) I @ +2p (B 1) +
V)2 2 [u?| (@) 2+ v2 £ (2) |2 + 2u(0)]
= 2p(u? + v IR+ 2p (B =1) (@ +v2): 2 (@ + vD)If ()
= 2p(w? +v?): @I+ 2p (2= 1) @2 + v2): N F @)
= 2 + 92 If @I [1 42— 1
= 2p(u2 + v @I = pRut +v2) 7 If (D))
= p2(ViZ + v2)P 2| (2) 2
= P2If@IP2If (DI by (2) & (b)

Theorem: 5 If f(z) = u + iv is a regular function of z, in a domain D, then
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Zir@l] +[Z1r@I] = 1F @ [A.U AM 2015
RS]
Solution:
Given f(z) = u + iv
(D) = VaZ 57
ZIf (@) = = [V 0]

1 UULF+VV
~ 2ull, + 200, | = =—=
2Vu2+v2 [ x x] vu2+v?2

0 2 L (uugtvvy)? L uPuRHvtvi 42U uyv,
0x |f(Z)|] T u24yp? u?+v?2

20,2 42,22,2
_UTUY UV H2UD Uy Uy

Similarly, [% |f (2) |]2 =

uz+p2

F] 2 ] 2 uP[uitud ]+ [vE+vi]+2u [ugvetuy vy
@I +[Zlr@i) =

_ u?|f1(2)|2+v2|f1(2)|?>+2u v (0)
u?+v2

[ uy =
Vy; Uy = —V, |

_ Wvd)|f(2))?
o uz+v?

= |f' (@[ uxvy +
u, v, = 0]

Theorem: 6 If f(z) = u + iv is a regular function of z, then V2|Re f(z)|? =
2|f'(2)|?

Solution:

MA3303 PROBABILITY AND COMPLEX FUNCTIONS



ROHINI COLLEGE OF ENGINERING AND TECHNOLOGY

Let f(z) =u+iv
Ref(z) =u
IRe f'(2)|* = u?

VZ|Re f'(2)|? = VZu?

(5 + 52) @
- (2@ + () @
= 2[uz + u?]
=2|f'@]*
Theorem: 7 If f(z) = u + ivis a regular function of z, then prove
that V2|Im f(z)|? = 2|f'(2)|?
Proof:
Let f(z) =u+iv
Imf(z) =v
Im f(2)|2 = v?

:—x(vz) = 2vv,
2% . 2 2
%2 (V%) = 2[vvyy + U] = 2[VUy, + vk]
. 92
Similarly, W(vz) = 2[vvy, + vy
(5 —) [Im £ (2)[? = 2[v(vyy + vyy) + V2 + V2]
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= 2[v(0) + u2 + vZ] by C—R equation

= 2|f'(2)|?
Theorem: 8 Show that = + 2 = 4 % (or)ST V=42
' ax2 = 9y: 0z0z ~ T 9zoz
Proof:
Let x &y are functions of zand z
. zZ+Z Z—Z
that is X—T,y— N
2._00x, 00y
9z 0x 0z dy 0z
a (1 a1 1[o 10
b Y Rl i P
a o8 .10
2 _20x 00y
9z  0x 0z  dy oz
— () 2=t -1
~ax\2 dy L2i 2 lox i dy
) o 10
25 (o= 19y) 2)
92 92

_ (9,190 (0 _10)r. Ry — a2 _ B2
0x2 = 9y? (6x.+ iay) (ax iay) [. (a +-b)(a' b)-_ a b ]

T Y 9zaz

Theorem: 9 If f(z) is analytic, show that V?| f(z)|? = 4|f'(z)|?
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Solution:

62
0z0z

We know that, = + % =4
D2 = FOT@
V2| £(2)|? = 45— [f(2)f ()]
=4[5 @] [7@)]
[f (2)is independent of zand f(z) is independent of z]
- P f@ = df @2 @] = 47 @OF @
=4[ f @I [22=| @I
Example: 3.20 Give an example such that w and v are harmonic but u + iv is
not analytic. [A.U. N/D 2005]

Solution:

S ) —_ Y
u=x ye, v—x2+y2

Example: 3.21 Find the value of m if u = 2x? — my? + 3x is harmonic. [A.U

N/D 2016 R-13]

Solution:
Givenu = 2x2 —my? + 3x

0%u = 9%u
— +—

o T o = 0 [+ u is harmonic] .. (1)
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ou u

Z_y L
™ x+3 3y my

0%u 0%u

Z¥_ g Zx- 2

0x2 dy? m

A1) > @)+ (-2m) =0

>m=2
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