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Joint probability distribution function for continuous random variables 𝑿 &𝒀 

The joint probability distribution function of a two dimension as random variables 

( 𝑋, 𝑌) is denoted by FXY (𝑥, 𝑦) and is given by  

𝑓𝑋𝑌 ( 𝑥, 𝑦) ≥ 0 and ∫ ∫ 𝑓𝑋𝑌 ( 𝑥, 𝑦) 𝑑𝑥𝑑𝑦 = 1 
∞

−∞

∞

−∞
 

Properties of joint Distribution Functions 

1.  𝑭(−∞, 𝒚) = 𝟎 = 𝑭(𝒙, ∞)𝒂𝒏𝒅 𝑭(−∞, ∞) = 𝟏 

 2. 𝑷(𝒂𝟏 < 𝑿 < 𝒃𝟏 , 𝒂𝟐 < 𝒀 < 𝒃𝟐      ) = 𝑭(𝒃𝟏, 𝒃𝟐      ) + 𝑭( 𝒂𝟏 , 𝒂𝟐  ) −

𝑭( 𝒂𝟏 , 𝒃𝟐  ) −  𝑭( 𝒃𝟏 , 𝒂𝟐  )    

Marginal probability density function 

The marginal probability density function of the two random variables X and Y are 

defined as follows 

 𝑓(𝑥) =  𝑓𝑋(𝑥) =  ∫ 𝑓𝑋𝑌(𝑥, 𝑦)𝑑𝑦
∞

−∞
 (Marginal pdf of X) 

𝑓(𝑦) =  𝑓𝑌(𝑦) =  ∫ 𝑓𝑋𝑌(𝑥, 𝑦)𝑑𝑥
∞

−∞
 (Marginal pdf of Y) 

Problems under Marginal Density function 

1. The bivariate random variable X and Y has the pdf  𝒇(𝒙, 𝒚) =

𝑲 𝒙𝟐(𝟖 − 𝒚), 𝒙 < 𝒚 < 𝟐𝒙, 𝟎 ≤ 𝒙 ≤ 𝟐. Find the value of K. 

Solution: 
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We know that if 𝑓(𝑥, 𝑦) is a pdf then  ∫ ∫ 𝑓𝑋𝑌 ( 𝑥, 𝑦) 𝑑𝑥𝑑𝑦 = 1 
∞

−∞

∞

−∞
 

                  ⇒ ∫ ∫    𝐾 𝑥2(8 − 𝑦) 𝑑𝑥𝑑𝑦 = 1 
2

𝑥

2

0
 

   ⇒ 𝐾 ∫ 𝑥2 (8𝑦 −
𝑦2

2
)

𝑥

2𝑥
2

0
𝑑𝑥 = 1 

   ⇒ 𝐾 ∫ 𝑥2 (16𝑥 −
4𝑥2

2
− 8𝑥 +

𝑥2

2
)

𝑥

2𝑥
2

0
𝑑𝑥 = 1 

  ⇒ 𝐾 ∫ (16𝑥3 − 2𝑥4 − 8𝑥3 +
𝑥4

2
)

𝑥

2𝑥
2

0
𝑑𝑥 = 1 

 ⇒ 𝐾 ∫ (8𝑥3 −
3𝑥4

2
)

𝑥

2𝑥
2

0
𝑑𝑥 = 1 

 ⇒ 𝐾 [
8𝑥4

4
−

3

2

𝑥5

5
]

0

2

= 1 

 ⇒ 𝐾 [32 −
48

5
] = 1 

⇒ 𝐾 (
112

5
) = 1 ⇒ 𝐾 =  

5

112
   

2. The joint pdf of R.V X and Y is given by  𝒇(𝒙, 𝒚) = 𝑲𝒙𝒚𝒆−(𝒙𝟐+𝒚𝟐), 𝒙 >

𝟎, 𝒚 > 𝟎.   Find the value of K and prove also that X and Y are independent. 

Solution:  

We know that if 𝑓(𝑥, 𝑦) is a p.d.f, then  ∫ ∫ 𝑓𝑋𝑌 ( 𝑥, 𝑦) 𝑑𝑥𝑑𝑦 = 1 
∞

−∞

∞

−∞
 

Here 𝑓(𝑥, 𝑦) =  𝐾𝑥𝑦𝑒−(𝑥2+𝑦2), 𝑥 > 0, 𝑦 > 0 

 We know that ∫ ∫  𝐾𝑥𝑦𝑒−(𝑥2+𝑦2) 𝑑𝑦𝑑𝑥 = 1 
∞

0

∞

0
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                       ⇒ ∫ ∫  𝐾𝑥𝑦𝑒−𝑥2
 𝑒−𝑦2

𝑑𝑦𝑑𝑥 = 1 
∞

0

∞

0
 

                      ⇒ 𝐾 ∫ 𝑦𝑒−𝑦2
𝑑𝑦 ∫  𝑥𝑒−𝑥2

 𝑑𝑥 = 1 
∞

0

∞

0
 

                      ⇒ 𝐾
1

2

1

2
= 1 ⇒ 𝐾 = 4 

To prove X and Y are independent we have to prove that  𝑓(𝑥). 𝑓(𝑦) = 𝑓(𝑥, 𝑦) 

Now,  𝑓(𝑥) =  𝑓𝑋(𝑥) =  ∫ 𝑓(𝑥, 𝑦)𝑑𝑦
∞

−∞
 

                                      =  ∫  𝐾𝑥𝑦𝑒−(𝑥2+𝑦2) 𝑑𝑦 
∞

0
 

                                      = 4𝑥𝑒−𝑥2
∫ 𝑦𝑒−𝑦2

𝑑𝑦
∞

0
 

                                      = 4𝑥𝑒−𝑥2
(

1

2
) 

                                      =  2𝑥𝑒−𝑥2
, 𝑥 > 0 

Similarly 𝑓(𝑦) =  𝑓𝑌(𝑦) = 2𝑦𝑒−𝑦2
, 𝑦 > 0 

Now,   𝑓(𝑥). 𝑓(𝑦) =  2𝑥𝑒−𝑥2
 2𝑦𝑒−𝑦2

 

                              = 4𝑥𝑦𝑒−𝑥2
𝑒−𝑦2

 

                             = 4𝑥𝑦𝑒−(𝑥2+𝑦2) 

                             = 𝑓(𝑥, 𝑦) 

 ∴ X and Y are independent. 
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3. The joint probability density function of a two dimensional random variable 

(X,Y) is given by 𝒇(𝒙, 𝒚) = 𝒙𝒚𝟐 +
𝒙𝟐

𝟖
, 𝟎 ≤ 𝒙 ≤ 𝟐, 𝟎 ≤ 𝒚 ≤ 𝟏 Compute 

(i) 𝑷 (𝑿 > 𝟏/𝒀 <
𝟏

𝟐
) (𝒊𝒊) 𝑷 ( 𝒀 <

𝟏

𝟐
/𝑿 > 𝟏) (𝒊𝒊𝒊)𝑷(𝑿 < 𝒀) (𝒊𝒗) 𝑷 (𝑿 + 𝒀 ≤ 𝟏)  

Solution:  

 Given  𝑓(𝑥, 𝑦) = 𝑥𝑦2 +
𝑥2

8
, 0 ≤ 𝑥 ≤ 2, 0 ≤ 𝑦 ≤ 1 

Now  𝑃 (𝑋 > 1/𝑌 <
1

2
) =  

𝑃(𝑋>1,𝑌<
1

2
) 

𝑃(𝑌<
1

2
)

  

                                        =  ∫ ∫ (𝑥𝑦2 +
𝑥2

8

2

1

1

2
0

)𝑑𝑥𝑑𝑦 

                                       = ∫ (
𝑥2𝑦2

2
+

𝑥3

24

1

2
0

)1
2𝑑𝑦 

                                       = ∫ (2𝑦2 +
1

3
) − (

𝑦2

2

1

2
0

+
1

24
) 𝑑𝑦 

                                       = ∫ ( 2𝑦2
1

2
0

+ 
1

3
− 

𝑦2

2
− 

1

24
 ) 𝑑𝑦 

                                       = ∫ ( 
1

2
0

3𝑦2

2
+ 

7

24
 ) 𝑑𝑦  = 

5

24
 

 ⇒ 𝑃 (𝑋 > 1/𝑌 <
1

2
) =  

5

24
  

P(Y< 
1

2
) = ∫ ∫ (𝑥𝑦2 +

𝑥2

8

2

1

1

2
0

)𝑑𝑥𝑑𝑦 
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              = ∫ (
𝑥2𝑦2

2
+

𝑥3

24

1

2
0

)0
2𝑑𝑦 

                   = ∫ (2𝑦2 +
1

3
) 𝑑𝑦

1

2
0

 

                   = (
2𝑦3

3
+

𝑦   

3
) 0

1

2  = 
1

4
 

 ∴ 𝑃 (𝑌 <
1

2
) =  

1

4
 

P(X > 1) = ∫ ∫ (𝑥𝑦2 +
𝑥2

8

2

1

1

0
)𝑑𝑥𝑑𝑦 

              = ∫ (
𝑥2𝑦2

2
+

𝑥3

24

1

0
)1

2𝑑𝑦 

             =  ∫ (
3𝑦2

2
+

7

24
) 𝑑𝑦

1

0
 

             =  [
3

2

𝑦3

3
+

7𝑦

24
]

0

1

 = 
19

24
 

(i)  𝑃 (𝑋 > 1 /  𝑌 <
1

2
) =

𝑃(𝑋>1,𝑌<
1

2
)

𝑃(𝑌<
1

2
)

  

                                     =  
5

24
  ×  4 =  

5

6
 

(ii) 𝑃 (𝑌 <
1

2
/𝑋 > 1 ) =

𝑃(𝑌<
1

2
,𝑋>1)

𝑃(𝑋>1)
 = 

5

24
 ×  

24

19
=  

5

19
 

 (iii) 𝑃(𝑋 < 𝑌) =  ∫ ∫ (𝑥𝑦2 +
𝑥2

8

𝑦

0

1

0
)𝑑𝑥𝑑𝑦 
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                               = ∫ (
𝑥2𝑦2

2
+

𝑥3

24

1

0
)0

𝑦
𝑑𝑦 

                               =  ∫ (
𝑦4

2
+

𝑦3

24
) 𝑑𝑦

1

0
 

                               =  [
𝑦5

10
+

𝑦4

96
]

0

1

 = 
53

     480
 

 (iv) 𝑃(𝑋 + 𝑌 ≤ 1 ) =  ∫ ∫ (𝑥𝑦2 +
𝑥2

8

1−𝑦

0

1

0
)𝑑𝑥𝑑𝑦 

                               = ∫ (
𝑥2𝑦2

2
+

𝑥3

24

1

0
)0

1−𝑦
𝑑𝑦 

                               =  ∫ (
(1−𝑦)2𝑦2

2
+

(1−𝑦)3

24
) 𝑑𝑦

1

0
 

                               =  ∫ (
(1−𝑦)2𝑦2

2
+

(1−𝑦)3

24
) 𝑑𝑦

1

0
 

                               =  ∫ (
1

2
(𝑦2 + 𝑦4 − 2𝑦3) +

1

24
(1 − 𝑦)3) 𝑑𝑦

1

0
 

                             =  
1

2
(

𝑦3

3
+

𝑦5

5
−

2𝑦4

4
)0

1 +
1

24
(

(1−𝑦)4

−4
)

0

1

 = 
13

480
    

4. The joint density function of X and Y is 𝒇(𝒙, 𝒚) =  {𝒆−(𝒙+𝒚) 𝟎 ≤ 𝒙, 𝒚 ≤ ∞
𝟎 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆

  . 

Are X and Y independent. Find (i) 𝑷(𝑿 <  𝟏 )  (ii) 𝑷( 𝑿 +  𝒀 <  𝟏 ) 

Solution: 

Given 𝑓(𝑥, 𝑦) =  {𝑒−(𝑥+𝑦) 0 ≤ 𝑥, 𝑦 ≤ ∞
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
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The Marginal pdf of X is  𝑓𝑋(𝑥) = 𝑓(𝑥) =  ∫ 𝑓(𝑥, 𝑦)𝑑𝑦
∞

−∞
 

                                                       = ∫ 𝑒−(𝑥+𝑦)∞

0
𝑑𝑦 

                                                        =  𝑒−𝑥 ∫ 𝑒−𝑦 𝑑𝑦
∞

0
 

                                                        =  𝑒−𝑥[−𝑒−𝑦]0
∞ 

                                                       = 𝑒−𝑥[0 + 1] =  𝑒−𝑥               

Marginal pdf of ‘x’ is  𝑓(𝑥) =  𝑒−𝑥 

The Marginal pdf of Y is  𝑓𝑌(𝑦) = 𝑓(𝑦) =  ∫ 𝑓(𝑥, 𝑦)𝑑𝑥
∞

−∞
 

                                                                  = ∫ 𝑒−(𝑥+𝑦)∞

0
𝑑𝑥 

                                                                 =  𝑒−𝑦 ∫ 𝑒−𝑥 𝑑𝑥
∞

0
 

                                                                =  𝑒−𝑦[−𝑒−𝑥]0
∞ 

                                                                 = 𝑒−𝑦[0 + 1] =  𝑒−𝑦                             

Marginal pdf of ‘Y’ is  𝑓(𝑦) =  𝑒−𝑦 

Now 𝑓(𝑥). 𝑓(𝑦) =  𝑒−𝑥. 𝑒−𝑦 =  𝑒−(𝑥+𝑦) 

But 𝑓(𝑥, 𝑦) =  𝑒−(𝑥+𝑦) 

∴ 𝑓(𝑥, 𝑦) = 𝑓(𝑥). 𝑓(𝑦) 

Hence X and Y ae independent. 



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY 
 

MA3303 PROBABILITY AND COMPLEX FUNCTIONS 

 

 (i) 𝑃( 𝑋 < 1 ) =  ∫ ∫ 𝑒−(𝑥+𝑦)∞

0

1

0
  𝑑𝑦 𝑑𝑥 

                =  ∫ 𝑒−𝑥 [
𝑒−𝑦

−1
]

0

∞1

0
𝑑𝑥 

                =  ∫ 𝑒−𝑥1

0
[

0−1

−1
] 𝑑𝑥 

                =  ∫ 𝑒−𝑥1

0
𝑑𝑥 

                = [−𝑒−𝑥]0
1  

                 = −𝑒−1 + 𝑒0 = 1 −  𝑒−1 

(ii) 𝑃(𝑋 + 𝑌 < 1) =  ∫ ∫ 𝑒−(𝑥+𝑦)1−𝑥

0

1

0
𝑑𝑦 𝑑𝑥 

                     = ∫ 𝑒−𝑥 [
𝑒−𝑦

−1
]

0

1−𝑥1

0
𝑑𝑥 

                     =  − ∫ 𝑒−𝑥1

0
[𝑒𝑥−1 − 𝑒0]𝑑𝑥 

                     =  − ∫ 𝑒−𝑥[𝑒𝑥−11

0
− 𝑒0] 𝑑𝑥 

                     =  − ∫ [𝑒−𝑥+𝑥−11

0
− 𝑒−𝑥 ]𝑑𝑥 

                     = −[𝑒−1𝑥 + 𝑒−𝑥]0
1  

                     = −[𝑒−1 + 𝑒−1 − 0 − 𝑒0] 

                      = −[2𝑒−1 − 1] = 1 − 2𝑒−1   
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5. If the joint pdf of X and Y is given by 𝒇(𝒙, 𝒚) =

 {
𝟏

𝟖
(𝟔 − 𝒙 − 𝒚) 𝟎 < 𝒙 < 𝟐, 𝟐 < 𝒚 < 𝟒

𝟎 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆
    Find the value of  (𝒊)𝑷 (𝑿 < 𝟏 ∩ 𝒀 <

𝟑) (𝒊𝒊) 𝑷( 𝑿 < 𝟏  / 𝒀 < 𝟑) 

  Solution:    

We know that   (𝑖) 𝑃 (𝑋 < 1 ∩ 𝑌 < 3) = ∫ ∫ 𝑓(𝑥, 𝑦 )
3

2

1

0
 𝑑𝑦 𝑑𝑥   

                                                   =  ∫ ∫
1

8

3

2

1

0
 (6 − 𝑥 − 𝑦)𝑑𝑦 𝑑𝑥   

                                                   =  
1

8
∫ [6𝑦 − 𝑥𝑦 −

𝑦2

2
]2

31

0
 𝑑𝑥   

                                                   =  
1

8
∫ {( 18 − 3𝑥 − 

9

2

1

0
) − ( 12 − 2𝑥 − 

4

2
)} 𝑑𝑥  

                                                   = 
1

8
∫ ( 8 − 𝑥 − 

9

2

1

0
 ) 𝑑𝑥  

                                                    =  
1

8
∫ (  

7−2𝑥

2

1

0
 ) 𝑑𝑥  

                                                   =  
1

16
[7𝑥 − 𝑥2]0

1 =  
6

16
=  

3

8
   

∴ 𝑃(𝑋 < 1 ∩ 𝑌 < 3 ) =  
3

8
          . . . (1) 

 (ii) 𝑃( 𝑋 < 1/< 3 ) =  
𝑃(𝑋<1 ∩𝑌<3)

𝑃(𝑌<3)
        . . . (2) 

                                 =  ∫ ∫
1

8

3

2

1

0
 (6 − 𝑥 − 𝑦)𝑑𝑦 𝑑𝑥   
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                                 =  
1

8
∫ [6𝑦 − 𝑥𝑦 −

𝑦2

2
]2

32

0
 𝑑𝑥   

                                =  
1

8
∫ {( 18 − 3𝑥 − 

9

2

2

0
) − ( 12 − 2𝑥 −  2)} 𝑑𝑥  

                                = 
1

8
∫ ( 8 − 𝑥 − 

9

2

2

0
 ) 𝑑𝑥  

                               =  
1

8
∫ {(  

16−9

2

2

0
 ) − 𝑥 } 𝑑𝑥  

                               =  
1

8
[∫ ( 

7

2

2

0
− 𝑥)𝑑𝑥] =  

1

8
[

7

2
𝑥 −

𝑥2

2
]0

2  =  
5

8
   

  ∴ 𝑃( 𝑌 < 3) =  
5

8
         . . . (3)  

  Substituting (1) and (3) in (2) we get  𝑃( 𝑋 < 1/𝑌 < 3 ) =  
3

8
5

8

=  
3

5
    

6. If the joint distribution function of X and Y is given by 𝒇(𝒙, 𝒚) =

 {
(𝟏 − 𝒆−𝒙)(𝟏 − 𝒆−𝒚) 𝒇𝒐𝒓 𝒙 > 𝟎, 𝒚 > 𝟎

𝟎 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆
(i) Find the marginal densities of X 

and Y. 

(ii) Are X and Y independent? (iii)P(1 < X < 3 , 1 < Y < 2 ) 

Solution:  

Given 𝑓(𝑥, 𝑦) = (1 − 𝑒−𝑥)(1 − 𝑒−𝑦) 

                       = 1 − 𝑒−𝑥 − 𝑒−𝑦 + 𝑒−(𝑥+𝑦) 
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The joint pdf is given by 𝑓(𝑥, 𝑦) =  
𝜕2𝐹(𝑥,𝑦)

𝜕𝑥𝜕𝑦
 

                = 
𝜕2

𝜕𝑥𝜕𝑦
[1 − 𝑒−𝑥 − 𝑒−𝑦 + 𝑒−(𝑥+𝑦)] 

                = 
𝜕

𝜕𝑥
[𝑒−𝑦 + 𝑒−(𝑥+𝑦)] = 0 + 𝑒−(𝑥+𝑦) 

  ∴ 𝑓(𝑥, 𝑦) =   {
(1 − 𝑒−𝑥)(1 − 𝑒−𝑦) 𝑓𝑜𝑟 𝑥 > 0, 𝑦 > 0

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

 𝑓(𝑥, 𝑦) =  𝑒−(𝑥+𝑦) 

The marginal pdf of X is 𝑓𝑋(𝑥) = 𝑓(𝑥) =  ∫ 𝑓(𝑥, 𝑦)𝑑𝑦
∞

−∞
 

                          = ∫ 𝑒−(𝑥+𝑦)𝑑𝑦
∞

0
 

                           = [−𝑒−(𝑥+𝑦)]0
∞ 

                          = − 𝑒−∞ + 𝑒−𝑥 =  𝑒−𝑥       . . . (1) 

The marginal pdf of Y is  𝑓𝑌(𝑦) = 𝑓(𝑦) =  ∫ 𝑓(𝑥, 𝑦)𝑑𝑦
∞

−∞
 

                            = ∫ 𝑒−(𝑥+𝑦)𝑑𝑥
∞

0
 

                            = [−𝑒−(𝑥+𝑦)]0
∞ 

                            = − 𝑒−∞ + 𝑒−𝑦 =  𝑒−𝑦          . . . (2) 

(ii) From (1) and (2) we get  

       𝑓(𝑥). 𝑓(𝑦) =  𝑒−𝑥𝑒−𝑦 =  𝑒−(𝑥+𝑦) = 𝑓(𝑥, 𝑦) 
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Hence X and Y are independent. 

(iii) 𝑃 (1 <  𝑋 <  3 , 1 <  𝑌 <  2 )  =  𝑃(1 <  𝑋 <  3 ) . 𝑃 (1 <  𝑌 <  2)  

 (Since X and Y are independent) 

           = ∫ 𝑒−𝑥3

1
𝑑𝑥. ∫ 𝑒−𝑦2

1
𝑑𝑦 

           =  (−𝑒−𝑥)1
3  (−𝑒−𝑦)1

2  

            =   ( − 𝑒−3  +  𝑒−1) (−𝑒−2  +  𝑒−1) 

             = 𝑒−5 − 𝑒−4 − 𝑒−3 + 𝑒−2 


