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System of Simultaneous Linear Differential equations with constant
coefficients
Simultaneous Linear equations
Linear differential equations in which there are two or more dependent
variables and a single independent variable such equations are known as
simultaneous linear equations.
Consider the simultaneous equation in two dependent variables x and y and
one independent variable t.
fi(D)x + g1(D)y = he (D) ... (1)
f2(D)x + g2(D)y = hy(t) ... (2)
Where fi, f>, g1 and g, are polynomials in the operator D
The number of independent arbitrary constants appearing in the general
solution of the system of differential equation (1) & (2) equal to the degree of D in

the coefficient determinant

f1(D) 91(D)

A= Provided A# 0
f>(D) 92(D)
Example:5.67
5 g2 X
Solve o tx=t ——y=t

Solution:

x+ Dy =t?..(1)
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Dx—y=t ..(2)
Eliminate "x’
()xD = Dx+ D?y =D (t?)
Dx + D?y = 2t ...(3)

2 = Dx—y=t..(4)

3)-©) D*’y+y=t
D2+ 1Dy =t

Auxiliary Equationis m? +1 =0

x=0,=1
C.F = e%[Acospt + Bsinft]
= Acost + Bsint

Pl ="

T D241

(®)

1

= (t)

© 1+ D2

=(1+ D») 1t
= (1-D*t
=t — D?(t)

=t
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y = Acost + Bsint + t
Dy = —Asint + Bcost + 1
(1) > x=t>-Dy

= t?2 — [—Asint + Bcost + 1]
= t? + Asint — Bcost — 1

x = t? + Asint — Bcost — 1

y = Acost + Bsint +t

Example:5.68

Solve the simultaneous differential equations

dy

— 2x = cos2t
dt

dx . 1
=T 2y = sin2t  ;
Solution:
dx ,
- 2y = sin2t

Dx + 2y = sin2t ... (1)

d
& _2x = cos2t
dt

—2x + Dy = cos2t ...(2) Eliminate 'x’'
Lx2 = 2Dx + 4y = 2sin2t ... (3)

(2)xD =  —2Dx+ D%y = —2sin2t ...(4)

R+¢4) = Dy +4y =0

(D +4)y =0
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Auxiliary Equationis m? +4 =0

m? = —4
m = 12i
x=0, f =2

C.F = e*t[Acosft + Bsinft]
y = Acos2t + Bsin2t
To findx , (5 = Dy= —2Asin2t+ 2Bcos2t
2 = 2x = Dy — cos2t

= —2Asin2t + 2Bcos2t — cos2t

cos2t

x = —Asin2t + Bcos2t —

Example :5.69
Solve Dx + y = sint; x+ Dy = cost giventhatx =2, y=0att =0
Solution:
Dx +y = sint ... (1)
x + Dy = cost ...(2)
Eliminate 'x’
(2)xD => Dx + D?y = D(cost) ...(3)

(1) => Dx+y =sint..(4)

(3)-(4) => D?y—y=—2sint
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(D? — 1)y = —2sint

Auxiliary Equationis m? —1=0

C.F = Aet + Be™t

1
D2-1

P.l = (—2sint)

= i (—2sint)  Replace D?by —1
= sint
y = Aet + Be~t +sint ...(5)
To find x
(5) > Dy = Aet— Be t+ cost
(2) = x =cost—=Dy
= cost — [Aet — Be™t + cost]
= cost — Ae' + Be™t — cost
x = —Aet + Be™t ...(6)
Whent =0, x =2
(20 = 2=-Ae’+Be°
2=-A+B ..(7)

Whent =0, y=20
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5) > 0=4e°+Be’+0
0=A+B ..(8)
(7)+(8) = 2B=2
B=1
8 => A+1=0
A=-1
6) > x=et+et
(5) > y=—-ef+e b +sint
x=et+et
y=—et+e t+sint
Example:5.70
Solve%+5x—2y=t;%+2x+y=0

Solution:

Putp =<
dt

Given d—x+5x—2y=t
dt
Dx+5x—-2y=t
D+5)x—-2y=t..(1
dy _
E+2x+y—0

2x+ (D +1)y=0..(2)
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Eliminate x between (1) & (2)
2)x(D+5) = 2D +5)x+D+5D+1y=0

2(D+5)x — 4y = 2t

B)-(1) = (D+5D+Dy+4y =-2¢
(D? + 6D +9)y = —2t
AEis m?+6m+9=0
m+3)(m+3)=0
m=-—3,—3
C.F = (At + B)e 3¢

P.I L (=20)

~ D2+6D+9

NN il
I 9[1+D2+6D]( Zt)

9

-1
D%+6D
]t

9

D —_2[1 -~ D2+6D] ¢
9 9

— -3t _ 2t 4
y = (At + B)e 5 T3

To findx = Dy = (At + B)(=3)e 3t + ¢34 %
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2 = 2x =—(D + 1)y

= — |t +B)(=3)e 3 +e3a -2 — |(at + BYe ¥ - %

= 3(At + B)e 3t — e 3tA + % — (At + B)e™3 + % _ %

2x = 2(At + B)e 3 — Ae 3 + =+ =
x=(At+B)e 3t —Le3t y Ly =
2 9 27

.~ x=(At+B)e 3t L=t 4 Ly o
2 9 27

4

_ -3t _ 2t
y = (At + B)e S

Example:5.71
SolveZ—:+2x+3y= 2e?t Z—Jt’+3x+2y= 0
Solution:-
Given Dx +3x+2y =0
(D +2)x + 3y =2e? ...(1)
Dy+3x+2y=0
3x+(D+2)y=0..(2)
Eliminate x
(2) x (D+2) = 3(D+2)x+ (D +2)*y=0 ..(3)

)x@3) = 3(D + 2)x + 9y = 6e?t ..(4)

@)-@4) = [(D+2)*-9]y=—6e*
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(D* +4D —5)y = —6e**
Auxiliary Equationis m?+4m—5=10
m=-51
C.F = Ae ™' + Bet!

P.l =

(—6e2) Replace D by 2

D2+4D 5

-6
— 6,2t
7

y = Ae™>t + Bet — geZt ..(5)

To find x (6) > Dy=-5Ae7% +Bet— e

(2) = 3x=—-(D+2)y

= —Dy — 2y

12,2t 12 52t

= 54e7 >t — Bet + —2A4e 5t — 2Bet +

3x = 34e~5t —3Bet +24 2t

_ 8
x = Ae 5"“—Bet+;62t

Example :5.72
ax — ot W _
Solvedt+y—e , X—— =t
Solution:
) dx ot
Given L ty=e

Dx+y=et ..(1)
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. d
Given x—=2=1¢
dt

x—Dy=t..(2)

2xD = Dx—D?y =1 ..(3)

1) —-@3) = (D?+1)y=et -1
Aucxiliary Equationis m?+1=0
m = *+i

C.F = Acost + Bsint

Pl = ——e*
__1 ot
=€ Replace D byl
= et
1
P.l, = B (—e?%)
=p—1 Replace D by0

y=C.F+P.I,+P.L
y = Acost + Bsint + %et -1
Dy = —Asint + Bcost + iet
(2) = x=Dy+t
= —Asint + Bcost + %et +t

x = —Asint + Bcost + %et +t
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y = Acost + Bsint +%et -1

Example:5.73
Solve & 4 2x —3y =t : W 3y 42y = e?t
dt X Y= ’ dt X y=¢
Solution:

Given % +2x—3y=t ..(1)
Dx+2x—-3y=t
D+2)x=3y=t ..(2)

Given = —3x+42y=e? .. (3)
Dx —3x+ 2y = e?
—3x+ (D+2)y=e?..(4)

@ x@) = 3(D+2)x—9y=3t

(4)x (D+2) = —-3(D +2)x+ (D +2)*y = (D + 2)e**

—9y + (D +2)%y =3t + (D + 2)e?t
(=9 +D? + 4D + 4)y = 3t + 4e?t
(D? +4D — 5)y = 3t + 4e?t
Auxiliary Equationis m?+4m—-5=0
m=-51

C.F = Aet + Be™ >t

Pli=——(3t)

D24+4D-5
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-Th-(3) o

_ —?3 [1 + (D2+4D) + (D2+4D)2 4 _] ®

5 5
-3 4
y ?[”5]

73 12

5 25

P.|2 = —SimE _ 462t

=1 pu Replace D by 2

4
h
7

yZCF+P.Il+P12

2
y = Aet + Be=St -2t - = { Zo2t
50 25 ' 7

Dy=Aet—SBe‘5t—§+§e2t
(3) = 3x=%+2y—62t
= [Aet—SBe'st—§+§eZt]+2[Aet+Be'5t— Et—£+£€2t]—82t
5 ' 7 5° 25 ' 7

= Aet —5Be 5t —2 4 202t L 2Aet 4 2Be™5t —2¢ 422 4 B2t _ 2t
5 7 5° 25 ' 7
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_ 6 39 9
3x = 34et —3Be Pt — 2t ——= 4 Ze?%t
57 25 7
_ 2 13 3
x = Aet —Be5t —2¢ 12 43
5° 25 7
- 2 13 | 3
o x=Aet —Be St —Zt = 4 2t
5° 25 7

— Apt -5t _ 3,4 2t 12
y = Ae" + Be cttce =
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