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Problem: 1 

Find the product of inertia and principal moment of inertia of the section 

about the centroidal axis 

Product of inertia 

𝐼𝑥𝑦 = 𝐼𝑥1𝑦1 
+ 𝐼𝑥2𝑦2 + 𝐼𝑥3𝑦3 

𝐼  = 𝐼𝑥𝑦  + 𝑎1(𝑥̅̅1̅ − 𝑋̅)(̅𝑦̅1̅ − 𝑌̅) 
 

𝐼𝑥 = 𝑎1𝑥1𝑦1 𝑋1 = 𝑥1  − 𝑋̅ 𝑌1 = 𝑦1  − 𝑌̅ 
1𝑦1 1   1 1 1 

 

𝐼𝑥 = 𝑎2𝑥1𝑦1 𝑋1 = 𝑥2  − 𝑋̅ 𝑌1 = 𝑦2  − 𝑌̅ 
2𝑦2 2   2 2 2 

 

𝐼𝑥 = 𝑎3𝑥1𝑦1 𝑋1 = 𝑥3  − 𝑋̅ 𝑌1 = 𝑦3  − 𝑌̅ 
3𝑦3 3   3 3 3 

 
 

 

Section (1) 
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1 

𝑎1 = 40 × 8 = 320𝑚𝑚2 

30 
𝑥1 = 25 + 

2 
= 52𝑚𝑚 

8 
𝑦1 = 

2 
= 4𝑚𝑚 

 
Section (2) 

𝑎3 = 40 × 8 = 320𝑚𝑚2 

40 
𝑥3 = 

2 
= 20𝑚𝑚 

44 
𝑦2 = 8 + 

2 
= 30𝑚𝑚 

 

Section (3) 

𝑎1 = 40 × 8 = 320𝑚𝑚2 

40 
𝑥3 = 

2 
= 20𝑚𝑚 

8 
𝑦3 = 8 + 44 + 

2 
= 56𝑚𝑚 

𝑋̅ = 
𝑎1𝑥1  − 𝑎2𝑥2  − 𝑎3𝑥3  

= 
(320 × 52) + (352 × 36) + (320 × 20) 

= 36𝑚𝑚
 

𝑎1 − 𝑎2 − 𝑎3 320 + 352 + 320 
 

𝑌̅  = 
𝑎1𝑦1  − 𝑎2𝑦2  − 𝑎3𝑦3  

= 
(320 × 4) + (352 × 30) + (320 × 56) 

= 30𝑚𝑚
 

𝑎1 − 𝑎2 − 𝑎3 320 + 352 + 320 
 
 
 

𝐼𝑥 = 𝑎1𝑥1𝑦1 𝑋1 = 𝑥1  − 𝑋̅ = 52 − 36 = 16 
1𝑦1 1   1 1 

 

𝑌1 = 𝑦1 − 𝑌̅  = 4 − 30 = −26 
 

𝐼𝑥1𝑦1 
= 320 × 16 × (−26) 
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1𝑦1 

2 

3 

3𝑦3 

𝐼𝑥 = −133120𝑚𝑚4 
 

𝐼𝑥 = 𝑎2𝑥1𝑦1 𝑋1 = 𝑥2  − 𝑋̅ = 36 − 36 = 0 
2𝑦2 2   2 

 
 

 

𝐼𝑥2𝑦2 
= 0 

2 
 

𝑌1 = 𝑦2 − 𝑌̅  = 30 − 30 = 0 

 

𝐼𝑥 = 𝑎3𝑥1𝑦1 𝑋1 = 𝑥3  − 𝑋̅ = 20 − 36 = −16 
3𝑦3 3  3 3 

 

𝑌1 = 𝑦3 − 𝑌̅  = 56 − 30 = 26𝑚𝑚 
 

𝐼𝑥 = −133120𝑚𝑚4 

Product of Inertia: 

𝐼𝑥𝑦 = 𝐼𝑋1𝑌1 + 𝐼𝑋2𝑌2 + 𝐼𝑋3𝑌3 

= −133120 + 0 + (−133120) 

𝐼𝑥𝑦 = −266240𝑚𝑚4 

Principal Moment of Inertia: 

Maximum Principal moment of inertia: 

 
𝐼𝑀𝑎𝑥 = 

𝐼𝑋𝑋 + 𝐼𝑌𝑌 

2 

 

± √( 
𝐼𝑋𝑋 + 𝐼𝑌𝑌 

2
 

2 
) 

 
+ 𝐼2𝑋𝑌 

 

𝐼𝑋𝑋 = 𝐼𝑋𝑋1 + 𝐼𝑋𝑋2 + 𝐼𝑋𝑋3 

𝐼𝑌𝑌 = 𝐼𝑌𝑌1 + 𝐼𝑌𝑌2 + 𝐼𝑌𝑌3 

𝑏𝑑3 
𝐼𝑋𝑋1 = 

 
𝐼𝑋𝑋2 = 

 
𝐼𝑋𝑋3 = 

 
 

12 

𝑏𝑑3 
 

 

12 

𝑏𝑑3 
 

 

12 

+ 𝑎1(𝑌1  − 𝑌̅1)2 

 
+ 𝑎2(𝑌1  − 𝑌̅1)2 

 
+ 𝑎3(𝑌1  − 𝑌̅1)2 
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𝐼  = 𝐼𝑋𝑋1  + 𝑎1(𝑌1  − 𝑌̅1)2 + 𝐼𝑋𝑋2  + 𝑎2(𝑌̅ − 𝑌2)2 + 𝐼𝑋𝑋3  + 𝑎3(𝑌̅ − 𝑌3)2 

= 1706.66 + 320(30 − 4)2 + 28394.66 + 352(30 − 30)2 + 1706.66 

+ 320(30 − 56)2 

𝐼𝑋𝑋 = 464.44 × 103𝑚𝑚4 

𝐼𝑦𝑦 = 𝐼𝑦𝑦1 + 𝑎1(𝑋 − 𝑋1)2 + 𝐼𝑦𝑦2 + 𝑎2(𝑋 − 𝑋2)2 + 𝐼𝑦𝑦3 + 𝑎3(𝑋 − 𝑋3)2 

= 42666.66 + 320(36 − 52)2 + 1877.33 + 352(36 − 36)2 + 42666.66 

+ 320(36 − 20)2 

𝐼𝑦𝑦 = 251.05 × 103𝑚𝑚4 

 
 

𝐼𝑀𝑎𝑥 
 

 
𝐼𝑀𝑎𝑥 = 

𝐼  + 𝐼𝑦𝑦 2 
√+ ( 

𝐼𝑥𝑥 + 𝐼  
2

 

2 
) 

 

+ 𝐼2𝑥𝑦 

 
 

= 
464.44×103+251.05×103 

+ √
 

2 

464.44×103−251.05×103 
( 

2 

2 

) + (−266240)2 

 
 

𝐼𝑀𝑎𝑥 = 357745 + √1.138 × 1010 + 7.083 × 1010 

𝐼𝑀𝑎𝑥 = 357745 + 286.81 × 103 

𝐼𝑀𝑎𝑥 = 644.55 × 103𝑚𝑚4 
 

 
𝐼𝑀𝑖𝑛 = 

𝐼  + 𝐼𝑦𝑦 2 
√+ ( 

𝐼𝑥𝑥 + 𝐼  
2

 

2 
) 

 

+ 𝐼2𝑥𝑦 

 
 

464.44 × 103 + 251.05 × 103 
= 

2
 

+ (−266240)2 

464.44 × 103 + 251.05 × 103 
− √( ) 

2 

 

𝐼𝑀𝑖𝑛 = 357745 − 268.81 × 103 
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𝐼𝑀𝑖𝑛 = 88.935 × 103𝑚𝑚4 

The position of Principal Axes is given by 
 

𝐼𝑥𝑦 266240 
𝑡𝑎𝑛2𝜃 = ( 

𝑥−𝐼𝑦𝑦 
) = ( 

464.44×103−251.05×103 ) 
 

 
𝑡𝑎𝑛2𝜃 = ( 

 

 

2 2 
 

−2𝐼𝑥𝑦 
) 

𝐼𝑥𝑥 − 𝐼𝑦𝑦 
 

𝑡𝑎𝑛2𝜃 = 2.49 

2𝜃 = 𝑡𝑎𝑛−1(2.49) 

68.16 
2𝜃 = 68.16   = 

2
 

𝜃 = 34°4′ 
 

Principal Moment of inertia: 

The perpendicular axis above which product of inertia is zero called 

principal axis and the moment of inertia with respect to these axis are called 

principal moment of inertia. 
 

 

𝐼𝑚𝑎𝑥&𝐼𝑚𝑖𝑛 = ( 
 

Location of principal Axes 

−2𝐼𝑥𝑦 

𝐼  + 𝐼𝑦𝑦 2 
 
) ± ( 

𝐼𝑥𝑥 + 𝐼  
2

 

2 
) + 𝐼𝑥𝑦 

2
 

𝑡𝑎𝑛2𝜃 = 
𝑥𝑥 − 𝐼𝑦𝑦 

 
 
 

Centre of gravity of common volume 

𝐼 
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1. Find the position of the centroid of the solid combine shown in fig. consist of a 

solid cone of height 50 mm and base diameter 80 mm and a cylinder of height 100 

mm and diameter 80mm with a semicircular cut as shown. 
 

𝑋̅ = 
𝑣1𝑥1  + 𝑣2𝑥2  − 𝑣3𝑥3 

𝑣1 + 𝑣2 − 𝑣3 

𝑌̅  = 
𝑣1𝑦1  + 𝑣2𝑦2  − 𝑣3𝑦3 

𝑣1 + 𝑣2 − 𝑣3 

𝑣1 = 1⁄3 𝜋𝑟2ℎ = 1⁄3 × 𝜋 × 402 × 50 = 83775.80𝑚𝑚3 

𝑣2 = 𝜋𝑟2ℎ = 𝜋 × 402 × 100 = 502654.82𝑚𝑚3 
 

 

𝑣3 = 
𝜋𝑟2ℎ 

2 

𝜋 × 402 × 100 
= 

2
 

 
= 251327.41𝑚𝑚3 

𝑋1 = 𝑏⁄2 = 80⁄2 = 40𝑚𝑚 𝑌1 = 100 + 50⁄3 = 116.66𝑚𝑚 

𝑋2 = 𝑏⁄2 = 80⁄2 = 40𝑚𝑚 𝑌2 = 100⁄2 = 50𝑚𝑚 

𝑋   = 𝑑⁄ = 80⁄ = 40𝑚𝑚 𝑌 = 
4𝑟 

+ 
4×40 

= 16.97𝑚𝑚 
  

3 2 2 3 3𝜋 3𝜋 
 

𝑋̅ = 
(83775.80 × 40) + (502654.82 × 40) − (251327.4 × 40) 

83775.5 + 502654.82 − 251327.41 

𝑋̅ = 40𝑚𝑚 

𝑌̅  = 
(83775.80 × 416.66) + (502654.82 × 50) − (251327.41 × 16.97) 

83775.80 + 502654.82 − 251325.41 
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2. A hemisphere of diameter 100 mm is fixed to cylinder is OA hemisphere 

diameter 100mm and cone is fixed another and of the cylinder its length is 100mm 

as shown fig. Locate the centroid of combine fig. 
 

Mass Moment of irertia: 
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3. A rectangular RCC column is centrally cast over a concrete bed R.C.C. in Fig. 

column is of section 30× 45 𝑐𝑚 and height 4m.the concrete bed is of size 

3× 4.5𝑚 and thickness 30cm. find the mass moment of inertia of the column and 

bed combination about its vertical centroidal axis. 

Mass density of concrete=2500 kg/m3 
 

Soln: 
 

𝐼𝑦𝑦 Combosite body= (𝐼𝑦𝑦)𝑙𝑢𝑚𝑛 + (𝐼𝑦𝑦)𝑏𝑒𝑑 
 

(𝐼𝑦𝑦 )𝑐𝑜𝑙𝑢𝑚𝑛 = 
𝑀 

(𝑏2 + 𝑑2) 
12 

 

M=mass volume× mass density 

M=(0.3 × 0.45 × 4)𝑚3 × 2500 
𝑘𝑔⁄ 

𝑚 
 

M=3500 kg 
 

𝐼𝑦𝑦 Column = 
𝑀 

(𝑏2 + 𝑑2) 
12 

 

= 
1350 

(0.32 + 0.452) 
12 

 

𝐼𝑦𝑦 Column=32.91kg.𝑚2 
 

𝐼𝑦𝑦 
bed = 

𝑀  
(𝑏2 + 𝑑2) M=massvolume× 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 

12 
 

= 
10125 

(32 + 4.52) (3 × 0.3 × 4.5) × 2500𝑚3 × 
𝑘𝑔⁄ 

 

12 𝑚3 

3 
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M=10125kg 

𝐼𝑦𝑦 bed = 24679.69kg𝑚2 

𝐼𝑦𝑦Composite body = 𝐼𝑦𝑦 column +𝐼𝑦𝑦 bed 

= 32.91+24679.69 

IYY= 24712.6kg.m2 


