ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

TAYLORS AND LAURENTS SERIES

In this section, we find a power series for the given analytic function.
Taylor’s series is a series of positive powers while Laurent’s series is a series of
both positive and negative powers.
Taylor’s Series

If f (2) is analytic inside and on a circle C with centre at point ‘a’ and radius

‘R’ then at each point Z inside C,
(@) "(a)
f (Z) — f(a) + (Z_ a)fl_'a+ (Z_ a)zfz_'a_l_ vee

(OR)

o (Z=a)"
f@) = Eno—fM(@)
This is known as Taylor’s series of f(z) about z = a.

Note: 1 Putting a = 0 in the Taylor’s series we get

f@)=f0)+(z- O)% + (z — 0)? @ + -+ this series is called
Maclaurin’s Series.
Note: 2 The Maclaurin’s for some elementary functions are

1) 1—-2)t=1+z+2z%2+2% +-,when|z| <1

2) A+z)t=1—-2z422-2z3+--,when|z| <1

3 (1—2)2=1+4+2z+3z2+4z3 +-,when|z| <1

4) (14+2)2=1—-2z+3z2—-4z% 4+, when|z| <1
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z z  z?
5)6 =1+;+;+°"When|2|<00
z z | z?
6)6 =1—;+;+°"When|2|<00
: z3  z5
7) sinz = z—;+;+---when |z] < o0

2 4
8) cosz=1——+=+--when|z| < o
2! 4!

LAURENTS SERIES
If ¢, and c, are two concentric circles with centre at z = a and radii
r, and r, (r; < 1y) and if f(z) is analytic inside on the circles and within the

annulus between c; and c, then for any z in the annulus, we have

f(2) = Xpzoan(z — )" + Xnzabp(z =)™ ... (1)

Where a,, = — I@ 4, andb, = — L@ _ 47 and the

2mi Jey (z—a)n 2mi Iy (z—a)t—"

integration being taken in positive direction. This series (1) is called Laurent

series of f(z) about the point z = a

Note:

1) If f(z) is analytic inside c,, then the Laurent’s series reduces to the Taylor
series of f(z)with centre a,since the negative powers in Laurent’s series is
Zero.

2) As the Taylor’s and Laurent’s expansion in the regions are unique, they can

find by simpler method such as binomial series.
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3) In Laurent’s series the part )., a,(z — a)™, consisting of positive powers
of (z — a) is called the analytic part of Laurent’s series, while
Yim1 b, (z — a) ™ consisting of negative powers of (z — a) is called the
principal part of Laurent’s series.

4) The coefficient of ﬁ (i.e) b, in the Laurent’s expansion of f(z) about a
singularity z = a valid in region 0 < |z — a| < r is also called residue.
(i. ) coeff of — = Res [f(z),z = a]

Problems based on Taylor’s series

Example: 4.18 Expand f(z) = cosz as a Taylor’s series about z = %‘

Solution:
Function Value of function at z = =
o= (- ()- 3
i i D R
AR VT R
@ @)= ()=
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_1 2 1L
cosz=i+(z—f)_‘/5+(z_ﬁ) 24 ..
V2 4/ 1 4) 2!

Example: 4.19 Expand f(z) = log (1 + z) as a Taylor’s series about z = 0.

Solution:
Function Value of functionatz = 0
f(z)=log(1+2) f(0)=log(1+0)=0
! _ 1 ! - 1 — 1

f(Z)_1+z f(O)_H——O_
f'(z) = (1122 f7(0) = m= -1

" _ 2 1! (0) _ 2 _
79 = @iy S drop?

The Taylor series of f(z) about z = 0is
f@=fO+E-0 2+ -0 L2+ ..

log (1+2) =0+ @)=+ (@22 + -

log(1+2z) = (z)%— (2)2%4_
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Example: 4.20 Expand f(z) = —as a Taylor’s series about z = 1.
Solution:
Function Value of functionatz = 1
1 _ 1 _
() =— -2
()= — () = = 1
@)= =22 =g =
(D) = W= = 2
F9= = = a9~
—6 —6
" _ 11(0) _ - _
e E e T

The Taylor series of f(z) about z = 11is

f@=fW+e-DI2+ =120 4

1

¥ _ 1t — 122 4 ...
A 1+ (z 1)1!+(Z 1) 2!+

Problems based on Laurent’s Series

Working rule to expand f(z) as a Laurent’s Series

Let f(z) = —+Z— witha < b

Z+a
(i) To expand f(z) in |z| < a, rewrite f(z)as

. 1 1
f2) = a(1+%/y) T b(1+7/p)
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_ 1 Z7 V-1, 1 z7 \ !
= 21+ +5(1+7/)
Now use Binomial expansion.

(ii)To expand f(z) in |z| > a, rewrite f(z) as

. 1 1
f(2) = z(1+%/,) + z(1+b/,)

1 1 1 o
= _(1+%Y™ +;(1 + b/Z)
Now use Binomial expansion.

(iii)To expand f(z) in a <'|z| < b, rewrite f(z)as

/ 1 1
f2) = z(1+9/,) T b(1+%/,)

= S+ Y+ (1 + Z/b)_1

Now use Binomial expansion.

. i~ 72— ) e ep se ..
Example: 4.21 Expand f(z) = T Laurent’s series if (i) [z]| < 2 (ii)
|z| >3
(ii)2<|z| <3
Solution:

. z?-1 . . . .
Given f(z) = DeD Is an improper fraction. Since degree of numerator

and degree of denominator of f(z) are same

~ Apply division process
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1

72 +5z+62z%—-1

z°+5z4+6
-5z -7
. z%2-1 —1— 5z+7 1
" (z+2)(z+3) (z+2)(z+3) - ()
Consider —2*7 4.5

(z+2)(z+3) - z+2 t z+3
=>5z2+7=A4(z+3)+B(z+2)

Putz= —2,weget—10+7 =4 (1)

5z+7 -3 8
= +
(z+2)(z+3) z+2  z+3

3 8
(i) Given |z]| < 2
@) =14 — :

2(1+%/,) a 3(1+%/3)

=1+ :(1+ z1)" —2(1 +2/3)7

i e R
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-1 2snacn [ Sz
(ii) Given |z| > 3

3 8

f(Z) =1+ z(1+2/) B Z(1+3/z)

=1+ 3(142/) 7 =2 +3/,)"

SR (1 O R

o e G W NG D Ll
(iii) Given 2 < |z| < 3

3 8

FI@= 1 R i)

<1+ 2042/ =21 +7))"
S B 5l
=1+ 250 ] = SZa 0 i

7z-2 .
z(z—Z)(z+1)In1 <

Example: 4.22 Find the Laurent’s series expansion off(z) =
|z + 1| < 3.
Also find the residue of f(a) at z=—1

Solution:

7z—2
z(z-2)(z+1)

Given f(z) =
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_7z=2 _ 4, B, C
z2(z=2)(z+1)  z  z-2 = z+1
7z—2=Az—-2)(z+1)+Bz(z+ 1)+ Cz(z - 2)

Putz= 2,weget1l4—-2=B(2)(2+1)

= 12 = 6B

=>B =2
Putz= —1,weget—7-2=C(-1)(-1-2)

= —9=3C

== &3

Putz = Owe get —2 = A(—2)

=>A=1

3

1 2
A

Givenregionis1 < |z +1| < 3
Lletu=z+1=>z=u-—-1

(i.e)l <|ul <3

Now f(z) = —+—— -

u— u—-3 u

_ 1 2
= Wiy T S0

= (=1 2=y -

fueteff e )2

3
u
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= [t [ B

- EZ" 0 [z+1] B _2" 0 [Z“] z+1

Also Res[f(z),z = —1] =coefficient ofi = -2

Example: 4.23 Expand f(z) = m in a Laurent’s series valid in the

region

Mz—1]>1(i)0< [z=2| <1 (i) |z] >2(v)0< |z—1| < 1

Solution:
Given f(z) = .~ \8
1@ = e
Consider A =

e-D-2) =11 72
>1=A4(z—-2)+B(z—-1)

Putz = 2,wegetl=B(1)

=>B=1

Putz= 1wegetl =A(1—-2)

Sf@ =S4

-2

(i) Given regionis |z — 1| > 1
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Letu=z—-1=2z=u+1

(i.e) lul| >1

1
u—1

Now f(z) = —= +

-1 1
T

n
— __1+l(1_1/u)_1
u u
_ —_1+1[1+1+[1]2+...]
u u u u

- 2
_ _1+L[1+L+ [L +]
z+1 z+1 z+1 Z+1

= r=8 + LZ%O:O [L]n

Z+1 Z+1 Z+1
(i) Given 0 < |z - 2| <1
Letu=z—-2=>z=u+2

(i.e)0< |ul <1

1 1
NOWf(Z)=—m+;

- _ -1, 1

= (1+u) +u

= —[—utuP+-]+
= [1-Gz-D+[z=2P+]+—

zZ—2

= — Tno[-1"z - 2" + 5

zZ—2
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(iii) Given |z| > 2

Now f(z) = — T

et et

lwow 11", 1wo_o [21"
Sl XY 0 i
(iv)Given0 < |z—1| < 1
Lletu=z—-1=2>z=u+1

(i.,e)O<|ul <1

Now f(z) = — =+ —

u-1

1 1
L. [1-u]

= — = — (!

= — = —[l4u+[u?+-]

= — — —[14z-14+[z—-1]2 4]

z—1

1 co
== 1" Yn=olz —1]"

. _ z . ’ . . _
Example: 4.24 Expand f(z) = GiDhe_zna Laurent’s series about (i) z =
—1(ii))z=2
Solution:
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A B

Consider (z+1)(z-2) = z+1 z-2

> z=A(z—2)+B(z+1)

Putz = 2,weget2 = B(3)
>B=2
3

Putz = — 1we get —1 = A(—3)

1
> A= -
3

“ f(2) =g

3(z+1)  3(z-2)

(i)To expand f(z) about z = —1
(onNlz—1|<1

Putz+l=u=>z=u-1

=>|lz-1|<1=|ul<1

2
3(u-3)

Now f(z) = ﬁ +

1 2

P 3(-3)(1-%/3))

1 2 -1
= % 5(1-%3)

- g-ifese ]

2
_ 1 _E[1+(z+1)+[(2+1)] +]
3 3

3(z+1) 9
_ 1 20w [ED]
T 3(z+1) 9Zn=°[ 3 ]
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(if) To expand f(z) about z = 2
(on)|z—-2| <1
Putz—2=u=z=u+?2

=>|lz-2|<1=ul<1

1 2

3(u+3) 3w

Now f(z) =

1 2
= +
s(@(+Y) - W

i
=5 (1+Y%3) +5

3(uw)
_ 1 1_2+[3]2+... 42
T o9 3 13 3(u)
_ 1 @) | [E)2 2
_9[1 3 +[ 3 ] - ]+3(z—2)

_ lgvw ¢_13n (z—2)1" 2
- 9Zn=0( 1 [ 3 ] +3(z—2)

6z+5

z(z—Z)(z+1)|n the

Example: 4.25 Expand the Laurent’s series about for f(z) =

region1<|z+1| <3

Solution:

. 6z+5 A B
Consider ——> = 24 2 4 _°©
z(z-2)(z+1) z z-2 z+1

=>6z4+5=A(z—2)(z+1)+Bz(z+ 1)+ Cz(z - 2)

Putz = 0,weget5 = A(-2)(1)
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Putz = —1weget —11 = C(—1)(-3)

>c=-L1
3
Put z = 2we get 17 = B(2)(3)
17
= B = ?
'f(Z)=_—5+ 17 11

2z | 6(z=2) 3(z+1)
Given regionl < |z+1| <3
Putz+l=u=>z=u-1

(i.e)l<|ul <3

-5 17 11
Now f(z) = 2(u-1) T 6(u=3) 3u
b i 11
C2u(1-) + 6(-3)(1-5) T
-5 HERVE ryr i ) AR
=
-5 1 112 17 u . [ul?
= —[1+—+ B +] ——[1 +2+[3 + ] -
2u u u 18 3 3
-5 1 1 12
T 2(z+1) [1 tan T [(z+1)] T ] 18
[(z+1)
3(z+1)

2(z+1) Ln=o [(z+1)] B _Z" 0 [(Z+1)]
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Example: 4.26 Find the Laurent’s series which represents the

- VA . -
funCtlonmln (I)|Z| <1

(ii) 1<|z| < 2 (iii) |z| > 2

Solution:

A B

Consider (z+1)(z+2) - z+1 t z+2

>z=A(z+2)(z+1)
Put z = —2we get —2 = B(—1)
>B=2

Putz=—-1weget—1=A4(1)

“f@D =gt

V4 zZ+2

(i) Given region |z] < 1

@) = i+ 57
-+ (147,
= C[l—z42z2—-]4 [1_§+ [E]Z _]
= (D oD + Bio (D" 4]

(ii) Givenregion 1 < |z| < 2
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-1 2
z(1+1/,) t 2(14%/5)

fz) =

= -1+ + (147
S VN PO VARG VA [1 iy E]Z _ ]

= (= Y2) T D™/ )™ + Ziso (D)™ E]n

(iii) Given region |z| > 2

-1 2
z(1+1/7) + z(1+2/7)

= Y1+ 1) 4 2(1+%)

f(2) =

. —1/2[1—1/24"(1/2)2“"']+§[1_E+[§]2_

= (- Y2) S0 + 255, [
(iv) Given region |z + 1| < 1
Putz+l=u=>z=u-1

Lzl <1 |ul <1

f@) ==+

u+1
== +21+w)
1

= —+2[1-u+u?—-]
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= —+2[1-(Z+ D+ ((z+1D?) -]

=2 4232 (-1)"(z + 1"

z+1
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