ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

Contour Integration
Evaluation of Real Integrals

The evaluation of certain types of real definite integrals of complex functions
over suitable closed paths or contours and applying Cauchy’s Residue theorem is
known as Contour Integration.

Type 1: Integration round the unit circle
Integrals of the form foznf(cos 0, sin 8)d6 where f is a rational function in

cos6@ and sin 6
To evaluate this type of integrals

We take the unit circle |z| = 1 as.the contour C.

Onlz| =1,letz=e%®

dz . 2
= —=ie¥ =iz
do

- do =%

iz

elf+e~10 Z"% z%+1
Also, cos = ——=—=2 =
2 2 2z

. el0_e—10 24
and, sin@ = — = —
21 21z

|z| = 1 = 6 varies from 0 to 2n

iz

z%+1 22—1) dz
2z ' 2iz

« [T f (cos,sin0)d6 = f, f (
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Now applying Cauchy’s Residue theorem, we can evaluate the integral on the right
side.

Problems based on Contour Integration

2r do : : :
Example: 4.57 Evaluate [ i — using Contour integration.
0 5+4sinf
Solution:
Replacement Let z = e®®
dz . z2=1
= df = — and sin 0 = —
LZ Lz
2n | dé “
Y T, L
L — = | —Z — wherecis|z| =1
0 5+44sin@ ¢ 5+4(Z —1)
2iz
dz
= [ 1 .
— J ¢ siz+222=2
iz
- f dz
~ Jc2z245iz-2
= fcf(z) dz ...(1)
1
Where, f(Z) T 2224572

To Evaluate, [_f(z)dz
To find poles of f(z), put 2z% + 5iz—2 =0

_—5ii\/—25+16_—5ii3i
B 4 4

Z

zZ = —%, —2i are poles of order one
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GivenCis |z| =1

Consider z = —
> |zl = |7 =5<1
N Z= —é lies inside C
Consider z = —2i
= |z| =|-2i|=2>1

z = —2i lies outside C.

Find the residue for inside pole z = —é

[Res f(2)] _+= = lim, (z + é) f(2)

T2z
2

=~ By Cauchy’s residue theorem

fcf(z)dz = 2mi [Sum of residues]

-2 (3) -2

W= f ==

0 5+4sin@ 3

Example: 4.58 Evaluate f using Contour Integration.

13+5sin 0
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Solution:

Replacement Let z = e®®

d _ 2_
= do =Zandsinf = Z—
|¥4 iz
S G — L - S
o 13+5sin8 c13+5<z2_—1> where Cis |z| = 1
21Z
_f dz/iz
“J ¢ 26iz+522-5
T 2z
— dz
B ch 52z2+26iz—5
= Zf Cf(Z)dZ (1)
1
Where, f(2) = s

To evaluate [ _f(z)dz

To find poles of f(z), put 5z% 4+ 26iz—5 =0

5 = —26i+V=676+100 _ —26i+24i

10 10
i -
=2z=-—7, —5i are poles of order one.
GivenCis|z| =1
Consider z = —é
] 1
= |z| = |—L =-<1
5 5
oz = —é lies inside C
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Consider z = —5i
= |z| =|-5i|=5>1

~ z = —5i lies outside C.

Find the residue for inside pole z = —é

[Res f(z)]Z: i = limi (z + é) f(2)

5 Z—o——
5

. i 1
= lim. (z + —) —_—
i 5/ 5z2426iz—5

Zf
5

1

. [
= Iim (2 +5) e

A
5

X el 1A
o (Z i 5) (5(z+§)(z+5i)
5

=~ By Cauchy’s residue theorem

f S (@)dz = 2mi[Sum of residues]
. 1 _ l
= 2m (Z) 12

:IZn aoe _Z(E)_E
0 13+5sin@ ~\12/ 6

de
a+bcosO’

Example: 4.59 Evaluate f:” a > b > 0 byusing contour integration.

Solution:

Replacement Let z = e*?

MA3303 PROBABILITY AND COMPLEX FUNCTIONS



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY

dz 7241
=>d9=;andcos€=
2T de dz/iz .
LT ——= Cﬁwherecwlzlzl
0O a+bcosB a+b( )
2Z
_'f dz/iz
© Y c2az+bz?+b

2z

_Zf dz
~ iJcbz2+2az+b

=2 f(z)dz ()

1
bz2+2az+b

Where, f(z) =

Toevaluate [ _f(z)dz

To find poles of f(z), put bz? + 2az +b

, = D204 4(a?2-b%) _ —atVa?-b?

2b b
—a+Va?-b? -a+va2-b2
zZ = - ) > are poles of order one.
—a+vVa2-b? el
Clearly, z = —) =X lies inside ¢
—a—vVaz—p2 . .
and z = % = B lies outside ¢

Since a > b, we can write bz% 4+ 2az + b = b(z — a)(z — B)

Find the residue for inside pole z = «

1

Res f(2)]z=a = lim(z — @) ;s

_ 1
"~ b(a-B)
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2vVa?-b?

~ By Cauchy residue theorem

fcf(z)dz = 2mi [sum of residues]

i
a2_b2

2T
(1) = fO a+bcos€ [\/az b2

2T
a2_b2

Example: 4.60 Show that fozn 40 = if Ipl<1

1-2p cos B+p? 1— pz

Solution:

Replacement Let z = e%®

dz z24+1
= do = - and cos 8 =
. fZTL' ae _ dz/iz
0 1-2pcosB+p? ¢ [1_2p<2 +1)+P2]
2

Where, Cis |z| =1

f dz
“Jc, [Z—P(zz+1)+P22
S

-1

CP(22+1) —P2z—z

1 dz
__?f

€ P(z?2—(1+P2?)z+P
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= —=[, f(2)dz (D

1
Pz2—(14+P2)z+P

Where, f(z) =

Toevaluate [ f(2)dz

To find poles of f(z),put pz? — (1 +p?)z+p =0

, = PO/ (PPD2-4p2

2p

~O(PP+1)H(P2-1)
= 2

1
=z = P are poles of order one.

Since |p| < 1, the pole z = p lies inside C-and the pole z = % lies outside C.

Find the residue for the inside pole z = p

[Res £(D),p = lim(z =) (2

1

= | T an EE
2o ¢ QUTSH p(z-p)(z—)

=~ By Cauchy Residue theorem

1] S (2)dz = 2mi [sum of residues]

=2ni[ !

(1):f()2n dao :_1[27'[1']

1—-2p cos 0+P2 [
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21 cos 360 dO

Example: 4.61 Evaluate | 5 using contour integration.

0 5-4cos
Solution:
Replacement Let z = e'®

z%41
2z

= do =% and cos @ =

cos 360 = Real part of e = R.P (z3)

z3)dz

. J-Zn cos30df _ r2m R-P(i—g

. ——— —2

O 5-4cosf 0 5_4<Z +1)
27

where C is |z| = 1

B z3dz/iz
=R. Pfc 52— (222 +42)
Z
1
=R.P (=) f(2) dz (D)
43
Where, f(Z) = 775712

Toevaluate [ _f(z)dz

To find poles of f(z),put 2z> = 5z+2 =0

;= 5+vV25-16 _ 543
o 4 T4

1
=z = 2,5 are poles of order one.
GivenCis |z| =1

. 1
Consider z = >
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=>|z|=|§|=§<1

o Z = %Iies inside C
Consider z = 2
>|z|=2]=2>1
~ z = 2 lies outside C

Find the residue for inside pole z = %

[Res f(2)], =lim (z~3) f(2)

= lzlin (Z t %)f(z)
= lzlir%l (Z ) %) (22—12);—2)

~ By Cauchy’s Residue theorem

| S (2)dz = 2mi [sum of residues]

, 1 i
= 2mi (— —) =——
24 12

W= f, oz 0 =RP (=) (-5) =5
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. 2m sin? 6d6 21 cos260d6
Example. 4.62 Evaluate fO m = fO m

Solution:

Replacement Let z = e%®

z%24+1

= do =% and cos @ =

cos 20 = Real part of e?? = R.P (Z?)

2
f2n sin? 6 1—RPQ2ZE

- | ¥4

—_— e — — s
0] 5—-3cos@ 0] 10_6<Z +1)

where Cis|z| =1

(1-2z%)dz/iz
10z—3z2-3
VA

=R.P(-3) /. )

i 3z2-10Z+3

=R.P |,

= R.P (—l) [, f(2dz (D

1-2z2
3z2-10z+3

Where, f(z) =

Toevaluate [ f(2)dz

To find poles of f(z),put 3z2 —10z+3 =0

5= 10+V100-36 _ 1048
- 6 T 6

1
~z =3,z are poles of order one.

GivenCis |z| =1
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. 1
Consider z = 5

1 1

= |z| = |-| 1<

3 3

1,. . .
“zZ=3 lies inside C

Considerz = 3

= |z|=[3]|=3<1

~ z = 3 lies outside C

Find the residue for inside pole z =

~ By Cauchy’s Residue theorem

J. f(2)dz = 2mi [sum of residues]

W= s = kP () (-5) =%

Example: 4.63 Using Contour Integration, evaluate the real integral

fn 1+2cos @
O 5+4cos@
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Solution:

Replacement Let z = e'®

Z2%+1

= do =% and cos 8 =

Now fn1+2c059 _l 2w 1+2cos @
'JO 5+4cos6 " 270 5+4c0s6
.. (2a a ]
[+ 2 Fdx = 2 [ fGdx,if f(2a—x) = f(x)
2 d
L1 2mit2 cos @ _1 1+[1+2 (Z 2-;1)) l_ZZ
270 5+4cosf 27C 514 (222-;1))
_ 1 (z%24z+1)
T 207C z(2z2+5z+2
1
= ch f(2)dz .. (1)
z%4z+1
Where, f(Z) T Z(222+52+2)

To evaluate fc f(z)dz

To find poles of f(z),put z(2z> + 5z +2) =0
=2z=0;2z2°4+5z2+2=0
>z=0z=-2,z= —%are poles of order one.

GivenCis |z| =1

Consider z =0

>zl =10]=0<1
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~ z = 0lies inside C

Considerz = -2

AND TECHNOLOGY

= |z|=|-2]=2>1

=>|z|=|—%|=%<1

~ z = =2 lies outside C
. 1
Consider z = —3
1,- . .
“Z=—c lies inside C

Find the residue for the inside pole

(i) Whenz =0

[Res f@)]mg = Lt (2= 0)f ()

(if) When z = —~

[Res f(2),__

2
Lt z (z°+z+1) _ 1
z—0 Z(2Z?+45z+2) 2
. 1
1= lim (z +—)f(z)
2 zo-1 2
2
— lim (Z n 1) __zihztl
" 2] 2(22+1)(z+2)
2
— lim (Z n 1) _ zitzil
P 2 ZZ(Z+%)(Z+2)
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= By Cauchy's Residue Theorem

J. f(2)dz = 2mi [Sum of residues]

amifi =0

1 (2w 1+2cos@ 1
(1)=>E O 5+4cos@ _Z_i[o]_o

Example: 4.64 Evaluate f;"zizse using Contour Integration.

Solution:

Replacement Let z = e'®

dz 7241
= df = — and cos @ =
1z 2Z

2t do 2 - dz/iz ,
) = —/2 where C is |z] = 1
O 2+cos@ c 2+(Z +1)

2z

_ f dZ/iZ
—Jc z%+4z+1
2z

_ Zf dz
T iIC 2244741

= 3 [. f(2)dz . (D

Where, f(z) = !

z2+4z+1
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Toevaluate [, f(z)dz

To find poles of f(z),put z> + 4z+ 1 =0

5 = —-4+V16+4 _ —4+2V3
N 2 2

.z = =2 ++/3,—2 —~/3 are the poles of order one.
GivenCis|z| =1
Consider z = —2 + V3

= |zl =|-2+43] <1
~ z = —2++/3 lies inside C
Consider z = —2 — /3
= |zl =|-2-+3] < 1
z = —2 —+/3 lies outside C

Find the residue for the inside pole z = —2 + /3

[Res f(2)],-_5,y3= Lim (Z ==2+ \/§)f(z)

z—>—2+4/3

. 1
m -2+ )l emm—e

1 1
T —2+V3+2+V3 243

=~ By Cauchy’s Residue Theorem

Jp f(2)dz = 2mi [Sum of residues]
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o1 _n_i
—Zﬂl[ﬁ =

V= [T

2+cost9 [

Exercise: 4.4

Evaluate the following Integrals

2T do
1) fO 1+2cos@

2w  cos20
) fO 5+4cos@

3) IZn sin?0 do

O 5+4cosé

4) f27r dae

0O 5-4 cos@

5) fOZn cos26 |a| <1

1-2acos 6+a?’

6) foznd_—e'[x<n< 1]

1-2xsin0+x2’

7) f21r ae

0O 17-8cosé@

8) J-Zn ao

O 13+12cos®f

9 f,"

13+12cos @
1/(1’21/_192]
2w cos?30
10) J.0 5—4c050d6

Type I1: Integration around semi — circular contour
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Integrals of the form [~ % dx,

where f(x) and g(x) are polynomials in x, such that the degree of f(x) is less
than that of g(x) atleast by two and g(x) does not vanish for any value of x.

Let C be a closed contour of real axis from —R to R and semicircle 'S’ of radius R
above real axis.

Thus,

I @_fR @dx‘FfS

)
- d
9@ J-Rg(0 @Y

g

AsR - oo, | %dz — 0 by Cauchy’s lemma

_( f@y (e
=l 5692 = LG 0

Now applying Cauchy’s Residue theorem, we can evaluate the integral on the left

side.

Note: Cauchy’s lemma: If f(2) is continuous function such that |zf (z) — 0|

uniformly as |z| — coon S, then [ f(z)dz — 0 as R = oo, where ‘S’ is
semicircle of radius 'R’ above the real axis.

Problems based on Contour Integration

oo x2dx

Example: 4.66 Evaluate [ a7 1D

wherea >b > 0

Solution:

Replacementput x =z = dx = dz
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(&) x%dx z2%dz
. f f )
- Cc

o (Erad)2ibD) I GEratyirpy) VeETe

Where C is the upper semi circle

=[, f(®dz ..(1)

22
(z2+a?)(z%+b?)

Where, f(z) =

To find the poles, put (z2 + a?)(z% + b?) =0
= z = tai,z = tbi, are poles of order one.
Here z = ai, bi lies in upper, half of the z —plane.
Find the residue for the inside pole
(i) When z = ai

ZZ

[Res f(2)]5q; = lim(z = ai)

Z>ai (z+ai)(z—ai)(z%2+b?)

—a?

2ai (b%2—a?)

_ a
"~ 2i (a2-b2)

(i) When z = bi
[Res f(2)],=pi = lim (z ~ bD)f (2)

— lim (z — bi) z

75bi (z%2+a?)(z+bi)(z—bi)

b2
(a2-b?2)2bi

b
2i (a%2-b2)
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=~ By Cauchy’s Residue theorem

J, f(2)dz = 2mi [sum of residues]

a b
2i(a%-b2) 2i(a?-b?2)

=2m‘[

Zm
o (a—b)(a+b) b)(a+b)

a+b

1) > f_oo x2dx __n

0 (x%24+a2)(x2+b2) a+b

dx
2t+a2)(x2+b2)’

Example: 4.67 Evaluatef 2 a>0b>0

Solution:

(x2+a2)(x2+4b2) = 27— (z2+a2)(x2+b2)

J<Ooo dx _ 1, dx

Replacement put x = z

=>dx =dz
. _f dx _ lfoo dx
T 27— (x2+a2)(x2+b2) 27— (x2+a?)(x2+b?2)

Where C is the upper semi circle

=2, f@dz... (1)

1
(z%2+a?)(z%2+b?)

Where, f(z) =

To find the poles, put (z2 + a?)(z% + b?) =0

= z = *ai, +bi are poles of order one.
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Here z = ai, bi lies in the upper half of the z- plane.
Find the residue for the inside pole
(i) When z = ai

[Res f(2)]z=ai = lim.(z — ai)f (2)

1

- zh—glli(z N al) (z+ai)(z—ai)(z%+b2)
— ! s 1
T 2ai(b2-a?) - 2ai(a2-b?)

(i) When z = bi

[Res f(@)]yen: = lim (z = bi)f(2)

3 £ 1
= lim(z - bi) = e oD
N 1
~ (a?=b2)2bi

~ By Cauchy’s Residue theorem

1
2ai (a?=b2)  2bi (a2—b2)]

fc f(z)dz = 2mi [—

21 1 1
= 2i(a?-b?) [_ a7 Z]

- (a+b;T(a—b) (aa_bb)

_ T
ab (a+b)
1 r00 dx 1 T
1) = 2J—0 (x24a2)(x2+b2) ~ 2 ab (a+b)
_ T
" 2ab (a+b)
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Example: 4.68 Evaluate ffoooxz‘i—xaz

Solution:
Replacement put x = z

=>dx =dz

« [© === [. —— where C is the upper semi circle

00 x2+4q? z2+qa?

=fc f(2)dz .. (1)

1

z2+a?

Where, f(z) =

To find the poles put z% + a? = 0

= z + ai are poles of order one.
Here z = ai lies in the upper half of z plane.
Find the residue for the inside pole.
(i) When z = ai

[Res f()]p=ai = lim (z = ai)f (2)

. . 1
- zh—gzli(z N al) (z+ai)(z—ai)

T 2ai
= By Cauchy’s Residue Theorem
Jo f(2)dz = 2mi [sum of residues]

. 1 T
=2mi |—|=-
2ai a
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D = [ as=r

x2+a2 a

dx
[o'e) ( 2+a2)2

Example: 4.69 Evaluate [°

Solution:

Replacementput x =z = dx =dz

Now, fo (x2+a2)2 - _f oo(xzdfaZ)
=§ . (sz 7 where C is the upper semi circle
=%fc f(z)dz (D)

Where, f(z) = (22+1a2)2

To find the poles, put (z2+a?)2 =0
= z = ~ai are poles of order 2 here z = ai lies in the upper half of z — plane. Find
the residue of the inside pole.

(i) When z = ai

[Res f(2)],=ai = Lim - (z — ad)? £ (2)

= lim — [(z — ai)?

z—ai dz (z— al)2(2+a1)2]

- zh—>al dz |:(Z+tll)2:|

= lim, [(z;jip]

2 2 1

(2ai)3 -8a3i 4ia3
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~By Cauchy’s Residue theorem,

fc f(z)dz = 2mi [sum of residues]

0 2_
Example: 4.70 Evaluate f_m%

Solution:

ReplacementPut x =z = dx = dz

\.fw x%2—x+2 J- z%—z+2

mm T e mdz, where C is the upper semi

circle.

= [, f(2)dz . (D

z%—z+2
(z*+10z2+49)

Where, f(z) =
To find the poles, putz* + 10z%2 +9 = 0

= (z°4+1)(z°+9)=0

= z = +i,+ 3i are poles of order one.
Here z = i, 3i lies in the inside pole

Find the residue of the inside pole.

(i) Whenz =i
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[Res f(2)]z=; = lim(z — i) f(2)

T . (z2-z+2)
_lzlf)rll (z—1) (z+i)(z—i)(z2+9)]

(z%-z+2)
z—>l (z+i)(z%249)

_—1-i42  1-i

T @2D®)  16i

(i) When z = 3i

[Res f(2)],=3; = lim = (2= 30) f(2)

lim | (z - 30) D]

753 (zz+1)(z+31)(z 3i)

(z2=z+2)
z—3i (z2+1)(z+31)

. —9-3i%2  —7-3i

T(-8)(6i)  —48i
7+3i

T80

~By Cauchy’s Residue theorem,

J. f(2)dz = 2mi [sum of residues]

1—i 7+31)
161 48i

21l

I
)

5m

2 481) 12

x2-x+2 57
D = f—oo arr10xz+9) X T 12

(
i (22220
(
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Example: 4.71 Evaluate fomﬁ

Solution:

fw dx __1fw dx
0 x*+a* 2J-00xttqt

Replacement Put x = z = dx = dz

% . x4d+xa4 - % I, Zfa4 where C is the upper semi circle.
=-f f@dz .. (D)
Where, f(z) = !

z4+a*
To find the poles, put z* + a* = 0

= z4=—q*

1
=z =(—a*)s

=z=(=1)Y*a

1
= (cosm t+isinm)+a
1
= [cos(m + 2km) + isin(w + 2km)]+a
T+2km . m+2km
= [cos( 2 )+lsm( " )]a

= ge*! (’”j"") k=0,1,23....

Whenk =0,z = ae%

3im

Whenk =1,z = ae +
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5im

Whenk =2,z = ae +

7im

When k = 3,z = ae + are all poles of order one.

3im

Here z = ae+ and,z = ae + lies in the upper half of the z plane.

Find the residue for the inside pole
()When z = ae+

[Res f(2)]_ia(2=ae¥) £(2)

z—>ae 4

) in 1
= llmi_n [(z — ae 4 ) (Z4+a4)]

= % [Apply L'Hospital rule)

. 1
= lim —
i 473

zoae 4

1
3im
4a3e 4

3im

(i) When z = ae

[Res f(z)] 3in = lim3i (z — ae¥> f(2)

z=ae 4 z—>aeTn
= 11mm (z —ae + >Z4+a4
z—ae 4
= % [Apply L'Hospital rule]
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9im
4a3e 4

~ By Cauchy’s Residue theorem,

J. f(2)dz = 2mi [sum of residues]

. 1 1
= 2mi ( 5 T ‘M)
4a3e 4 4a3e 4

277 —i3m —i9m
=—<e 4+ +e 4

4a3

i Lr. i —iom X .
=§<e Mgy + g~ 2Mp ™y [+ e ™ = —1]

H % ((—1)6% + (—1)e_i7n> [
e—ZTEi — _1]

im o _in
_ —mife4—e 4 [
a3 2

X_p—ix

=isinx]
—-mif. . T
=—3(lsm—)
a 4
=5(%)
=35

© dx _1(m
W = [ == ()

dx
(x2+1)3

Example: 4.72 Evaluate ffooo

Solution:
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Replacement Putx = z = dx = dz

f_°°oo (x4df1)3 = fC (240-151)3 where C is the upper semi circle.

= [, f(2)dz .. (1)

Where, f(z) =

4+1)3
To find the poles, put (z2 + 1)3 =0
=>z2+1=0
= z = =i are poles of order 3.
Here z = i lies in the upper half of z — plane.

Find the residue for the inside pole z = i
[Res f(2)],=i =3 le— (z=D°f(2)

o —L1m—[(z — )3#]

21 z5i dz? 3(z-i)3

1
2' Z—>l d22 (Z+l)3]

- Elz_n dz [(z::)‘*]

112 _ 6
T 2205 320 16i

~By Cauchy’s Residue theorem,

fc f(z)dz = 2mi [sum of residues]
—omi (B2)=3"
= Zm (161') T8
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W =7 =7

00 (x4+1)3 8
Type 111

Integrals of the form

f f(x)

g0 )sm(nx)dx (or)f f( )cos(nx)dx

To evaluate this integral, write sin(nx) and cos(nx) in terms of e™* thus,

f(Z) inz _ (= M inx
Jc 0@ ° = f—wg(x)e ‘S
Where C is the closed curve as in type Il and finally equate imaginary part or real

part accordingly to get the required integral.

Problems based on Contour Integration

cosmx

~dx,a>0,m>0

Example: 4.73 Evaluate f

Solution:

Replacement put x = z = dx = dz and cosmn = R.P e'™"

Now, [ <M gy =2 [ E2C7 gy
= —f kP elm dz where C is the upper semi circle.
= %fc f(z)dz . (1)

Where f(z) = 2:2

To find the poles, put z2 + a? = 0
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= z = +ai are poles of order one.
Here z = ai lies in the upper half of z — plane.

Find the residue for the inside pole z = ai
[ReS f(z)]z:ai = Zli_)rgl.(z - ai) f(Z)

. . eimz
- Zh—>r£lli(z — ai) (z+ai)(z—ai)

e mz

im -
z=ai (z+ai)

~By Cauchy’s Residue theorem,

Jo f(2)dz = 2mi [sum of residues]

ot ()

00 COS mx R.P (T[ e‘ma) _m p—ma

(1) = f 2+a2 _T

Example: 4.74 Evaluate [~ =52 dx where a > 0,m > 0

Solution:
Replacement put x = z = dx = dz and sin(mx) = IP e'™*

oo x sin mx 1 ro0 xIPe
Now, f dx = - —_—
27— x24q2

ILP  zei™m? . -
== dz where C is the upper semi circle.

2 Jc z24q?
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==/ f(2)dz (D)

z elmZ
z2+a?

Where, f(z) =

To find the poles, put f(2), put z2 + a? = 0
= z = +ai are poles of order one.
Here z = ai lies in the upper half of z — plane.
Find the residue for the inside pole z = ai
[Res f ()] = Jim (z =) f(2)

ze mz

= lim(z—ai)) ———
z—>ai( ) (z+ai)(z—ai)

- (ai)e~ma | e—ma

T 2ai 2

~By Cauchy’s Residue theorem,

Jo f(2)dz = 2mi [sum of residues]

e -ma

s O ( )=ne‘m“

2

oo x sinmx _LP . . _may _T _—ma
(1)=>f0 — dx =—(mie™™*) = e

00 cosx dx

Example: 4.75 Evaluate [~ Tranoesy 4> b >0

Solution:

Replacement put n = z = dz = dzcosx = R.P e™*

0 COSX dx J« RPe'Z dz
c

Now, f—OO x2+a? (x2+b?) - (z2+a?)(z%+b?)

MA3303 PROBABILITY AND COMPLEX FUNCTIONS



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY
where C is the upper semi circle.

=), f@dz

elZ

z2+a?)(z%2+b?)

Where, f(z) = (

To find the poles, put f(2), put (z2 + a?)(z?> + b*) =0

= z = +ai, +bi are poles of order one here z = ai, bi lies in the upper half of z -
plane.

To find the residue for the inside pole

(i) when z = ai

[Res f(2)],=ai = lim (z = ai) (2)

li k oiz
= i1Imi({z — at
Z—>ai( ) (z+ai)(z=ai)(z2+b2)
eiz
= 1m —-—-———
z—ai (z+ai)(z2+b?)
e—a —e—a

(2ai)(b%2-a?) - (2ai)(a%2-b?)

(if) when z = bi

[Res f(2)],=p; = lim.(z — bi) f(2)

Z—bi

elZ

= lim (z — bi)

z—bi (z%2+4+a?)(z+bi)(z-bi)

. e'z
m-—m-m
Z—bi (zz+a2)(z+b1)
e—b
2bi(a?-b2)
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~By Cauchy’s Residue theorem,

fc f(z)dz = 2mi [sum of residues]

. e @ e~ b
= 2m ((zai)(aZ—bZ) + (2bi)(a2—b2))

. 2l [e‘b _ e @
T @2d@z-bp) | b a
_ T [e‘b _ e"a]
(a?2-b2) L b a
(1) — foo cosx dx T (ae‘b—be‘a) _ T (ae‘b _
-0 (x2+a2)(x2+b2) "~ a2-b2 ab "~ ab (a?2-b?)

be™®)
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