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4.5 Integration of Rational functions by Partial fraction 

Integration of Rational functions by Partial fraction 

             Let 𝑓(𝑥) =
𝑃(𝑥)

𝑄 (𝑥)
 be any rational function where 𝑃 𝑎𝑛𝑑 𝑄 are polynomials. 

 If deg 𝑃 < deg 𝑄, then f is proper  

If deg 𝑃 ≥ deg 𝑄, then f is improper then to make them proper divide 𝑃(𝑥) 𝑏𝑦 𝑄(𝑥) by 

long division until a remainder 𝑅(𝑥) is obtained such that deg 𝑃 < deg 𝑄 

Hence 
𝑃(𝑥)

𝑄 (𝑥)
= 𝑆(𝑥) + 

𝑅(𝑥)

𝑄 (𝑥)
  (or) = Quotient + 

𝑅𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟

𝐷𝑖𝑣𝑖𝑠𝑜𝑟
 

Where 𝑆 𝑎𝑛𝑑 𝑅 are also polynomials. 

 

Case (i): 

 The denominator is a product of distinct linear factors 

Example:  

                        
1

(𝑥+𝑎)(𝑥+𝑏)
=  

𝐴

(𝑥+𝑎)
+

𝐵

(𝑥+𝑏)
 

Case (ii): 

The denominator is a product of distinct linear factors, some of which are repeated. 

Example:  

                            
1

(𝑥+𝑎)(𝑥+𝑏)2
=  

𝐴

(𝑥+𝑎)
+

𝐵

(𝑥+𝑏)
+

𝐶

(𝑥+𝑏)2
 

Case (iii): 

The denominator contains irreducible quadratic factors, none of which is repeated. 

Example: 

                           
1

(𝑥2+𝑎)(𝑥2+𝑏)
=  

𝐴𝑥+𝐵

(𝑥2+𝑎)
+

𝐶𝑥+𝐷

(𝑥2+𝑏)
 

 

Example: 

        Evaluate ∫
(𝒙𝟐+𝟏)

(𝒙𝟐−𝟏)(𝟐𝒙+𝟏)
 𝒅𝒙 

Solution: 

                                 
(𝑥2+1)

(𝑥2−1)(2𝑥+1)
=  

(𝑥2+1)

(𝑥−1)(𝑥+1)(2𝑥+1)
 

                                                       =
𝐴

(𝑥−1)
+

𝐵

(𝑥+1)
+

𝐶

(2𝑥+1)
 



ROHINI COLLEGE OF ENGINEERING AND TECHNOLOGY 

MA3151-MATRICES AND CALCULUS 

                    (𝑥2 + 1) = 𝐴(𝑥 + 1)(2𝑥 + 1) + 𝐵 (𝑥 − 1)(2𝑥 + 1) + 𝐶 (𝑥 − 1)(𝑥 + 1) 

Put 𝑥 = 1,  we get                   Put 𝑥 =  −1,  we get                 Put 𝑥 = 0,  we get                   

  2 =  𝐴 (2) (3)                            2 =  𝐵 (−2) (−1)                            1 =  𝐴 –  𝐵 –  𝐶 

 𝐴 =   
1

3
                                        𝐵 =  1                                                     1 =  

1

3
 −  1 –  𝐶 

                                                                                                    𝐶 =  −2 + 
1

3
=  

−5

3
 

         ⇒
(𝑥2+1)

(𝑥2−1)(2𝑥+1)
=  

1

3
 

1

𝑥−1
+

1

𝑥+1
−

5

3

1

2𝑥+1
 

      ∫
(𝑥2+1)

(𝑥2−1)(2𝑥+1)
 𝑑𝑥 =

1

3
∫

1

𝑥−1
 𝑑𝑥 + ∫

1

𝑥+1
 𝑑𝑥 −

5

3
∫

1

2𝑥+1
 𝑑𝑥 

                                   =  
1

3
log(𝑥 − 1) + log(𝑥 + 1) −

5

3

log(2𝑥+1)

2
+  𝐶 

                                              =  
1

3
log(𝑥 − 1) + log(𝑥 + 1) −

5

6
log(2𝑥 + 1) +  𝐶 

 

Example: 

           Evaluate ∫
𝒙𝟐+𝟐𝒙−𝟏

𝟐𝒙𝟑+𝟑𝒙𝟐−𝟐𝒙
 𝒅𝒙 

Solution:  

 
𝑥2+2𝑥−1

2𝑥3+3𝑥2−2𝑥
=  

𝑥2+2𝑥−1

𝑥 (2𝑥−1)(𝑥+2)
=  

𝐴

𝑥
+

𝐵

2𝑥−1
+

𝐶

𝑥+2
 

 

𝑥2 + 2𝑥 − 1 = 𝐴(2𝑥 − 1)(𝑥 + 2) + 𝐵𝑥 (𝑥 + 2) + 𝐶𝑥 (2𝑥 − 1) 

Put 𝑥 = 0,  we get                   Put 𝑥 =  
1

2
,  we get                 Put 𝑥 = −2,  we get                   

 −1 =  𝐴 2                      
1

4
+ 1 − 1 =  𝐵 (

1

2
) (

5

2
)                4 –  4 −  1 =  𝐶(2)(−5) 

    𝐴 =  
1

2
                                     

1

4
=

5𝐵

4
                                       −  1 =  10 𝐶 

                                                𝐵 =  
1

5
                                      𝐶 =

−1

10
                                                      

           ⇒
𝑥2+2𝑥−1

2𝑥3+3𝑥2−2𝑥
=  

1

2
(

1

𝑥
) +

1

5
(

1

2𝑥−1
)  −  

1

10
(

1

𝑥+2
) 

            ∫
𝑥2+2𝑥−1

2𝑥3+3𝑥2−2𝑥
=

1

2
∫ (

1

𝑥
)  𝑑𝑥 +

1

5
∫ (

1

2𝑥−1
)  𝑑𝑥 −

1

10
∫ (

1

𝑥+2
)  𝑑𝑥 

                                   =
1

2
 𝑙𝑜𝑔𝑥 +

1

5

log(2𝑥−1)

2
−

1

10
log(𝑥 + 2) + 𝐶 

                                    =
1

2
 𝑙𝑜𝑔𝑥 +

1

10
log (

2𝑥−1

𝑥+2
) + 𝐶 
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Example: 

       Evaluate ∫
𝒙𝟐

(𝒙−𝟏)𝟑(𝒙−𝟐)
 𝒅𝒙 

Solution: 

 
𝑥2

(𝑥−1)3(𝑥−2)
=  

𝐴

𝑥−2
+

𝐵

𝑥−1
+

𝐶

(𝑥−1)2
+

𝐷

(𝑥−1)3
 

𝑥2 = 𝐴(𝑥 − 1)3 +B(𝑥 − 1)2(𝑥 − 2) +  𝐶 (𝑥 − 1)(𝑥 − 2) +  𝐷 (𝑥 − 2)  

 

Put 𝑥 = 2,          Equating the coeffs of 𝑥3       Put x = 1, we get                   Put x=0, we 

get 

                           On both sides                           1 = 𝐷(−1)                   0 =  −𝐴 − 2𝐵 +

2𝐶 –  2𝐷 

We get 4 =  𝐴        0 =  𝐴 + 𝐵                               𝐷 =  −1                    2𝐶 =  𝐴 + 2𝐵 +

2𝐷 

                        𝐵 =  −4                                                                                  =  4 − 8 − 2 

                                                                                                                    𝐶 = −3 

           ⇒
𝑥2

(𝑥−1)3(𝑥−2)
=  

4

𝑥−2
−

4

𝑥−1
−

3

(𝑥−1)2
−

1

(𝑥−1)3
    

                                             𝐼 =  ∫
𝑥2

(𝑥−1)3(𝑥−2)
 𝑑𝑥 

                                 = 4 ∫
1

𝑥−2
 𝑑𝑥 − 4 ∫

1

𝑥−1
 𝑑𝑥 − 3 ∫

1

(𝑥−1)2
 𝑑𝑥 − ∫

1

(𝑥−1)3
 𝑑𝑥 

                                 = 4 log(𝑥 − 2) − 4 log(𝑥 − 1) +  3 (
1

𝑥−1
) +

1

2(𝑥−1)2 
+ 𝐶 

                                 = 4 𝑙𝑜𝑔 (
𝑥−2

𝑥−1
) +

3

𝑥−1
+

1

2(𝑥−1)2 
+ 𝐶 

Example: 

        Evaluate ∫
𝟏

𝒙𝟐(𝒙−𝟏)
 𝒅𝒙 

Solution: 

             Let 𝐼 =  ∫
1

𝑥2(𝑥−1)
 𝑑𝑥 

1

𝑥2(𝑥 − 1)
=  

𝐴

𝑥
+

𝐵

𝑥2
+

𝐶

(𝑥 − 1)
     … (1) 

1 = 𝐴𝑥(𝑥 − 1) + 𝐵(𝑥 − 1) + 𝐶𝑥2 
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 Put 𝑥 = 0,                  Put 𝑥 =  1, we get                   Equating the Coefficients of 𝑥2on 

both side        We get  1 = −𝐵                         1 = 𝐶                                   0 =  𝐴 + 𝐶 ⇒

𝐴 = −𝐶  

    𝐵 =  −1                                                                            𝐴 =  −1 

(1)       ⇒    
1

𝑥2(𝑥−1)
=  

−1

𝑥
−  

1

𝑥2 +
1

(𝑥−1)
 

                                    𝐼 =  ∫
1

𝑥2(𝑥−1)
 𝑑𝑥 =  − ∫

1

𝑥
 𝑑𝑥 − ∫

1

𝑥2
 𝑑𝑥 + ∫

1

(𝑥−1)
𝑑𝑥  

                               

                                        = −𝑙𝑜𝑔𝑥 + 
1

𝑥
+ log(𝑥 − 1) + 𝐶 = 𝑙𝑜𝑔 (

𝑥−1

𝑥
) +

1

𝑥
+ 𝐶 

  

Example: 

        Evaluate ∫
𝟏𝟎

(𝒙−𝟏)(𝒙𝟐+𝟗)
𝒅𝒙 

Solution: 

Let 𝐼 =  
10

(𝑥−1)(𝑥2+9)
𝑑𝑥 

10

(𝑥 − 1)(𝑥2 + 9)
=  

𝐴

𝑥 − 1
+

𝐵𝑥 + 𝐶

𝑥2 + 9
            … (1) 

10 = 𝐴 (𝑥2 + 9) + (𝐵𝑥 + 𝐶)(𝑥 − 1) 

Put 𝑥 = 1,    We get             Equating the Coefficients of 𝑥2          Equating the Coefficients 

of  x,                                 We get  

10 = 10 𝐴                            0 = 𝐴 + 𝐵 ⇒ 𝐵 = −𝐴               0 = −𝐵 + 𝐶 ⇒ −𝐵 = −𝐶                                                                                          

     A = 1                                  𝐵 =  −1                                                         𝐶 =  −1 

            (1)  ⇒
10

(𝑥−1)(𝑥2+9)
=  

1

𝑥−1
+

−𝑥−1

𝑥2+9
=  

1

𝑥−1
− (

𝑥+1

𝑥2+9
) 

                                              =  ∫
1

𝑥−1
 𝑑𝑥 − ∫

𝑥

𝑥2+9
 𝑑𝑥 − ∫

1

𝑥2+9
𝑑𝑥 

                                           = log(𝑥 − 1) − 
1

2
 𝑙𝑜𝑔(𝑥2 + 9) −

1

3
𝑡𝑎𝑛−1 (

𝑥

3
) + 𝐶 

Example: 

         Evaluate ∫
𝒙𝟒−𝟐𝒙𝟐+𝟒𝒙+𝟏

𝒙𝟑−𝒙𝟐−𝒙+𝟏
 𝒅𝒙 

Solution: 
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             Let 𝐼 =  
𝑥4−2𝑥2+4𝑥+1

𝑥3−𝑥2−𝑥+1
 

                                             𝑥 + 1 

  𝑥3 − 𝑥2 − 𝑥 + 1       𝑥4 − 0𝑥3−2𝑥2 + 4𝑥 + 1       

                                          𝑥4 −  𝑥3− 𝑥2 +  𝑥      

                                                    𝑥3 − 𝑥2 + 3𝑥 + 1       

                                                    𝑥3 − 𝑥2 − 𝑥 + 1       

                                                                     4𝑥 

                           
𝑥4−2𝑥2+4𝑥+1

𝑥3−𝑥2−𝑥+1
= 𝑥 + 1 +

4𝑥+1

𝑥3−𝑥2−𝑥+1
    

                                               =  𝑥 + 1 +
4𝑥+1

(𝑥−1)2(𝑥+1)
 

                                       [𝑥3 − 𝑥2 − 𝑥 + 1 = (𝑥 − 1)2(𝑥 + 1)] 

                                           
4𝑥

(𝑥−1)2(𝑥+1)
=  

𝐴

𝑥−1
+

𝐵

(𝑥−1)2
+

𝐶

(𝑥+1)
 

                         ⇒ 4𝑥 = 𝐴(𝑥 + 1)(𝑥 + 1) +  𝐵(𝑥 + 1) + 𝐶(𝑥 + 1)2 

Put 𝑥 = 1,    We get             Put 𝑥 =  −1  , We get                  Equating the Coefficient of 

𝑥2 on,    

                                                                                                       both sides , we get        

        4 = 2 𝐵                −4 = 4𝐶                                               0 = 𝐴 + 𝐶 ⇒ 𝐴 =  −𝐶 

         B = 2                    𝐶 =  −1         𝐴 = 1 

                             ⇒
𝑥4−2𝑥2+4𝑥+1

𝑥3−𝑥2−𝑥+1
= ( 𝑥 + 1) +  

1

𝑥−1
+

2

(𝑥−1)2 −
1

(𝑥+1)
 

                          𝐼 =  ∫( 𝑥 + 1)𝑑𝑥 + ∫
1

𝑥−1
 𝑑𝑥 + ∫

2

(𝑥−1)2
 𝑑𝑥 − ∫

1

(𝑥+1)
 𝑑𝑥     

                                            =  
𝑥2

2
+  𝑥 + log(𝑥 − 1) −  

2

𝑥−1
− log(𝑥 + 1) +  𝐶 

                                            =  
𝑥2

2
+  𝑥 − 

2

𝑥−1
+ log (

𝑥−1

𝑥+1
) +  𝐶  

 

Improper Integrals 

      The Integral I=∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
 is said to be proper or definite only when the limits 

𝑎 𝑎𝑛𝑑 𝑏 are finite and the integrand 𝑓(𝑥) is continuous in the interval [𝑎, 𝑏] 
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Types of Improper Integrals 

 There  are two types of improper integrals  

1. With infinite limits of integration  

2. The integrand is discontinuous. 

Type I  (Infinite limits of integration ) 

1. ∫ 𝑓(𝑥)𝑑𝑥
∞

𝑎
= lim

𝑡→∞
∫ 𝑓(𝑥)𝑑𝑥

𝑡

𝑎
 

2. ∫ 𝑓(𝑥)𝑑𝑥
𝑏

−∞
= lim

𝑡→−∞
∫ 𝑓(𝑥)𝑑𝑥

𝑏

𝑡
 

3. ∫ 𝑓(𝑥)𝑑𝑥
∞

−∞
= ∫ 𝑓(𝑥)𝑑𝑥

𝑎

−∞
+ ∫ 𝑓(𝑥)𝑑𝑥

∞

𝑎
, ′𝑎′ is a real number. 

Provided both the limits on right side exist. 

Type II (Discontinuous of the integrand)  

1. If f is discontinuous at b, then  

∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

=  lim
𝑡→𝑏−

∫ 𝑓(𝑥)𝑑𝑥
𝑡

𝑎

 

2. If f is discontinuous at a, then  

∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

=  lim
𝑡→𝑎+

∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑡

 

3. If f is discontinuous at c, in [𝑎, 𝑏] then  

∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

= ∫ 𝑓(𝑥)𝑑𝑥
𝑐

𝑎

+ ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑐

 

= lim
𝑡→𝑐−

∫ 𝑓(𝑥)𝑑𝑥
𝑡

𝑎

+ lim
𝑡→𝑐+

∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑡

 

Provided both the integral’s on right exists. 

Note: 

 The improper integral is said to be convergent if the limit exists and is divergent if 

the limit does not exist. 

Example:  

         Determine whether the integral ∫
𝟏

𝒙
𝒅𝒙

∞

𝟏
 is convergent or divergent. 

Solution: 

 The given integral is  ∫
1

𝑥
𝑑𝑥

∞

1
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an improper integral , since upper limit of integration  is infinite then,  

                                         ∫
1

𝑥
𝑑𝑥

∞

1
= lim

𝑡→∞
∫

1

𝑥
𝑑𝑥

𝑡

1
 

= lim
𝑡→∞

[𝑙𝑜𝑔𝑥]1
𝑡  

=  lim
𝑡→∞

[𝑙𝑜𝑔𝑡 − 𝑙𝑜𝑔1] 

                                                           = lim
𝑡→∞

[𝑙𝑜𝑔𝑡 − 0]  =  ∞ 

The given integral is divergent and it diverges to ∞. 

Example: 

           Determine whether the integral ∫
𝟏

𝟏+𝒙𝟐
𝒅𝒙

∞

𝟎
 is convergent or divergent. 

Solution: 

The given integral is ∫
1

1+𝑥2
𝑑𝑥

∞

0
 an improper integral, since upper limit of 

integration  is infinite then,  

                                 ∫
1

1+𝑥2
𝑑𝑥

∞

0
= lim

𝑡→∞
∫

1

1+𝑥2
𝑑𝑥

𝑡

0
 

                                                                       = lim
𝑡→∞

[𝑡𝑎𝑛−1𝑥]0
𝑡  

                                                    = lim
𝑡→∞

[𝑡𝑎𝑛−1𝑡 − 𝑡𝑎𝑛−10] 

                                                   = lim
𝑡→∞

𝑡𝑎𝑛−1𝑡 

                                                         =  𝑡𝑎𝑛−1∞ =
𝜋

2
 

The given integral is convergent. 

Example: 

                 For what values of 𝒑 the integral ∫
𝟏

𝒙𝒑
𝒅𝒙

∞

𝟏
 convergent? 

Solution: 

 If 𝑝 ≠ 1, lim
𝑡→∞

∫
1

𝑥𝑝
 𝑑𝑥 = lim

𝑡→∞
∫ 𝑥−𝑝𝑑𝑥

𝑡

1

𝑡

1
  

                                               = lim
𝑡→∞

[
𝑥−𝑝+1

−𝑝+1
]

1

𝑡

 

                               = lim
𝑡→∞

[
𝑡−𝑝+1

−𝑝+1
−

1

−𝑝+1
] 

                                               = lim
𝑡→∞

1

𝑝−1
[1 −

1

𝑡𝑝−1
] 
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= {

1

𝑝 − 1
, 𝑝 > 1, 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠

∞, 𝑝 ≤ 1, 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠

 

Example: 

        Evaluate ∫
𝒍𝒐𝒈𝒙

𝒙
𝒅𝒙

∞

𝟏
 

Solution: 

 Take 𝐼 = ∫
𝑙𝑜𝑔𝑥

𝑥
𝑑𝑥         

 Put   𝑢 = 𝑙𝑜𝑔𝑥        𝑑𝑣 =
1

𝑥
𝑑𝑥                             𝑑𝑢 =  

1

𝑥
𝑑𝑥         𝑣 = 𝑙𝑜𝑔𝑥 

        𝐼 = ∫
𝑙𝑜𝑔𝑥

𝑥
𝑑𝑥 =  (𝑙𝑜𝑔𝑥)2 − ∫ 𝑙𝑜𝑔𝑥 (

1

𝑥
) 𝑑𝑥 

     𝐼 = (𝑙𝑜𝑔𝑥)2 − 𝐼 ⇒ 2𝐼 = (𝑙𝑜𝑔𝑥)2 ⇒ 𝐼 =
1

2
(𝑙𝑜𝑔𝑥)2  

 ∫
𝑙𝑜𝑔𝑥

𝑥
𝑑𝑥

∞

1

= lim
𝑡→∞

∫
𝑙𝑜𝑔𝑥

𝑥
𝑑𝑥 =

𝑡

1

lim
𝑡→∞

(
1

2
(𝑙𝑜𝑔𝑥)2)

1

𝑡

 

     = lim
𝑡→∞

[
1

2
(𝑙𝑜𝑔𝑡)2 −

1

2
(𝑙𝑜𝑔1)2] 

                                           = lim
𝑡→∞

[
1

2
(𝑙𝑜𝑔𝑡)2] = ∞        [log 1 = 0, log ∞ = ∞] 

The given integral is divergent. 

Example: 

        Evaluate ∫ 𝒙𝒆−𝒙𝟐
𝒅𝒙

∞

−∞
 

Solution: 

Consider ∫ 𝑥𝑒−𝑥2
𝑑𝑥 

Put     𝑢 =  𝑥2,                 𝑑𝑢 = 2𝑥𝑑𝑥 

                                ∫ 𝑥𝑒−𝑥2
𝑑𝑥 =  ∫ 𝑒−𝑢 𝑑𝑢

2
=  

1

2
[

𝑒−𝑢

−1
] 

                                           = −
1

2
𝑒−𝑢 =  −

1

2
𝑒−𝑥2

… (1) 

                ∫ 𝑥𝑒−𝑥2
𝑑𝑥

∞

−∞
=  ∫ 𝑥𝑒−𝑥2

𝑑𝑥 + ∫ 𝑥𝑒−𝑥2
𝑑𝑥

∞

0

0

−∞
…(2) 

       Take  ∫ 𝑥𝑒−𝑥2
𝑑𝑥 = 

0

−∞
lim

𝑡→−∞
∫ 𝑥𝑒−𝑥2

𝑑𝑥 = lim
𝑡→−∞

[
−1

2
𝑒−𝑥2

]
𝑡

0
𝑏𝑦 (1) 

0

𝑡
 

= lim
𝑡→−∞

[
−1

2
+

1

2
𝑒−𝑡2

] =
−1

2
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Take∫ 𝑥𝑒−𝑥2
𝑑𝑥

∞

0
=  lim

𝑡→∞
∫ 𝑥𝑒−𝑥2

𝑑𝑥 =  lim
𝑡→∞

𝑡

0
[

−1

2
𝑒−𝑥2

]
0

𝑡
by (1) 

                                                             =  lim
𝑡→∞

[
−1

2
𝑒−𝑡2

+
1

2
] =

1

2
 

                         ∴ (2) ⇒ ∫ 𝑥𝑒−𝑥2
𝑑𝑥

∞

−∞
=  

−1

2
+

1

2
= 0 

Example: 

       Evaluate ∫
𝟏

(𝒙−𝟐)
𝟑

𝟐⁄

∞

𝟑
𝒅𝒙 

Solution:  

 Consider ∫
1

(𝑥−2)
3

2⁄
𝑑𝑥…(1)  

Put 𝑢 = 𝑥 − 2     ⇒ 𝑑𝑢 = 𝑑𝑥 

(1) ⇒ ∫
1

(𝑥−2)
3

2⁄
𝑑𝑥 =  ∫

1

𝑢
3

2⁄
𝑑𝑢 =   ∫ 𝑢

−3
2  ⁄ 𝑑𝑢   =  

𝑢
−3

2⁄ +1

−3
2⁄ +1

=  
𝑢

−1
2⁄

−1
2⁄

 

−2

√𝑢
=  

−2

√𝑥 − 2
 

                                                  ∫
1

(𝑥−2)
3

2⁄

∞

3
𝑑𝑥 =  lim

𝑡→∞
[∫

1

(𝑥−2)
3

2⁄

𝑡

3
𝑑𝑥]    = lim

𝑡→∞
[

−2

√𝑥−2
]

3

t
 

                                                                        = lim
𝑡→∞

[(
−2

√𝑡−2
) − (

−2

√1
)] 

                                                                        =  lim
𝑡→∞

(
−2

√𝑡−2
) + 2 = 0 + 2 = 2 (finite) 

The given integral ∫
1

(𝑥−2)
3

2⁄

∞

3
𝑑𝑥 is convergent. 

Example: 

       Evaluate ∫
𝟏

√𝒙

𝟐

𝟎
𝒅𝒙 

 Solution:  

               Here, infinite discontinuity occurs at x=0 

∴ ∫
1

√𝑥

2

0

𝑑𝑥 =  lim
𝑡→0+

∫ 𝑥
−1

2⁄
2

𝑡

𝑑𝑥 

=  lim
𝑡→0+

[
𝑥

1
2⁄

1
2⁄

]

𝑡

2

 

= lim
𝑡→0+

[2√𝑥]
𝑡

2
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                                                                  = lim
𝑡→0+

[2√2 − 2 √𝑡] 

                                                                          = 2√2  (finite) 

The given integral ∫
1

√𝑥

2

0
𝑑𝑥 is convergent. 

Example: 

        Evaluate ∫
𝟏

𝒙−𝟏

𝟑

𝟎
 𝒅𝒙 

Solution: 

      Here, infinite discontinuity occurs at 𝑥 =  1 

∴ ∫
1

𝑥 − 1

3

0

 𝑑𝑥 =  ∫
1

𝑥 − 1

1

0

 𝑑𝑥 + ∫
1

𝑥 − 1

3

1

 𝑑𝑥 

Take   ∫
𝑑𝑥

𝑥−1

1

0
 =  lim

𝑡→1−
∫

1

𝑥−1

𝑡

0
 𝑑𝑥 =  lim

𝑡→1−
[log(𝑥 − 1)]0

𝑡  

=  lim
𝑡→1−

log(𝑡 − 1) =  −∞ 

                             ∫
1

𝑥−1

1

0
 𝑑𝑥 is divergent. 

            ⇒  ∫
1

𝑥−1

3

1
 𝑑𝑥 is also divergent. 

     The given integral  ∫
1

𝑥−1

3

0
 𝑑𝑥  isdivergent 

Example: 

        Evaluate ∫
𝟏

√𝒙−𝟐

𝟓

𝟐
 𝒅𝒙 

Solution: 

     The infinite discontinuity occurs at 𝑥 = 2 

∴ ∫
1

√𝑥 − 2

5

2

 𝑑𝑥 = lim
𝑡→2+

∫
1

√𝑥 − 2

5

2

 𝑑𝑥 

= lim
 𝑡→2+

[2√𝑥 − 2]
𝑡

5
 

             = lim
 𝑡→2+

 (2√3 –  2 √𝑡 − 2 )  

                                               = 2√3   (finite) 

The given integral ∫
1

√𝑥−2

5

2
 𝑑𝑥   is convergent. 

Example: 

        Evaluate∫
𝟏

(𝒙−𝟏)
𝟐

𝟑⁄

𝟑

𝟎
 dx 
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Solution: 

          Here infinite discontinuity occurs at 𝑥 =  1 

1) ∫
1

(𝑥−1)
2

3⁄

3

0
 𝑑𝑥 =  ∫

1

(𝑥−1)
2

3⁄

1

0
𝑑𝑥 + ∫

1

(𝑥−1)
2

3⁄

3

1
𝑑𝑥    …(1) 

Take ∫
1

(𝑥−1)
2

3⁄

1

0
𝑑𝑥 = lim

𝑡→1−
∫

1

(𝑥−1)
2

3⁄

𝑡

0
𝑑𝑥  

                                    = lim
 𝑡→1−

[3(𝑥 − 1)
1

3⁄ ]
0

𝑡
 

                                    = lim
 𝑡→1−

[3(𝑡 − 1)
1

3⁄ + 3] 

                                    = 3 

Take ∫
1

(𝑥−1)
2

3⁄

3

1
𝑑𝑥 =  lim

𝑡→1+
∫

1

(𝑥−1)
2

3⁄

𝑡

𝑡
𝑑𝑥  

                                    = lim
 𝑡→1+

[3(𝑥 − 1)
1

3⁄ ]
𝑡

3
 

                                   = lim
 𝑡→1+

[3 [2
1

3⁄ −  (𝑡 − 1)
1

3⁄ ]] 

                                                 = 3 (2
1

3⁄ ) 

(1) ⇒ ∫
1

(𝑥−1)
2

3⁄

3

0
 𝑑𝑥 = 3 + 3 (2

1
3⁄ )                           

                                       = 3  [1 + 2
1

3⁄ ] 

Comparison test for improper integrals 

 Let ∫ 𝑓(𝑥)𝑑𝑥 
𝑏

𝑎
 be an improper integral. 

i) If there exists a 𝑔(𝑥) such that |𝑓(𝑥)|  ≤ 𝑔(𝑥) for all 𝑥 in [𝑎, 𝑏] and ∫ 𝑔(𝑥)𝑑𝑥 
𝑏

𝑎
 

converges then ∫ 𝑓(𝑥)𝑑𝑥 
𝑏

𝑎
 also converges. 

ii) If there exists function 𝑔(𝑥) such that 𝑓(𝑥) ≥  |𝑔(𝑥)| for all 𝑥 in [𝑎, 𝑏] and 

∫ 𝑔(𝑥)𝑑𝑥 
𝑏

𝑎
 diverges then ∫ 𝑓(𝑥)𝑑𝑥 

𝑏

𝑎
 also diverges. 

Limit form of comparison Tests. 

 Let 𝑓(𝑥) > 0 and 𝑔(𝑥) > 0and  lim
𝑥 →∞

𝑓(𝑥)

𝑔(𝑥)
= 𝑘 where 𝑘 ≠ 0 

 Then, the improper integrals ∫ 𝑓(𝑥)𝑑𝑥 
∞

𝑎
and ∫ 𝑔(𝑥)𝑑𝑥 

∞

𝑎
converge or diverge together. 

If 𝑘 = 0, only the convergence of ∫ 𝑔(𝑥)𝑑𝑥 
∞

𝑎
implies that of ∫ 𝑓(𝑥)𝑑𝑥 

∞

𝑎
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Absolute Convergence 

         The improper integral ∫ 𝑓(𝑥)𝑑𝑥 
𝑏

𝑎
 is said to be absolutely convergent if ∫ |𝑓(𝑥)|𝑑𝑥 

𝑏

𝑎
 

is convergent. 

Note: 

1) The same definition holds for ∫ 𝑓(𝑥)𝑑𝑥 
∞

𝑎
also 

2) When the improper integral changes sign within the limits of the integration, then 

the above test is applied. 

Example:  

         Discuss the convergence of ∫
𝒙𝒕𝒂𝒏−𝟏𝒙 

√𝟒+𝒙𝟑

∞

𝟏
 𝒅𝒙 

Solution: 

             Let 𝑓(𝑥) =  
𝑥𝑡𝑎𝑛−1𝑥 

√4+𝑥3
=  

𝑡𝑎𝑛−1𝑥 

√𝑥√1+4𝑥−3
    and      𝑔(𝑥) =  

1 

√𝑥
 

lim
𝑥→∞

𝑓(𝑥)

𝑔(𝑥)
= lim

𝑥→∞

𝑡𝑎𝑛−1𝑥 

√1 + 4𝑥−3
 

=  
𝜋

2
 

Hence, by comparision test 2, the integrals ∫ 𝑓(𝑥)𝑑𝑥 
∞

1
and ∫ 𝑔(𝑥)𝑑𝑥 

∞

1
converge  or 

diverge together, Now ∫ 𝑔(𝑥)𝑑𝑥 
∞

1
is divergent. 

∴  ∫ 𝑓(𝑥)𝑑𝑥 
∞

1
is also divergent. 

Example : 

        Discuss the convergence of ∫
𝒔𝒊𝒏𝒙

𝒙𝟒
𝒅𝒙 

∞

𝟏
 

Solution: 

 |∫
𝑠𝑖𝑛𝑥

𝑥4
𝑑𝑥 

∞

1
| ≤  ∫ |

𝑠𝑖𝑛𝑥

𝑥4
| 𝑑𝑥 ≤  ∫

𝑑𝑥

𝑥4

∞

1

∞

1
 

                                       ⇒ convergent 

 ∫
𝑠𝑖𝑛𝑥

𝑥4
𝑑𝑥 

∞

1
is absolutely convergent and hence convergent. 

Example:  

 Test the convergence of ∫ 𝒆−𝒙𝟐∞

𝟎
 𝒅𝒙 

Solution: 
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 The given integral ∫ 𝑒−𝑥2∞

0
 𝑑𝑥is an improper integral of first kind and the integral 

can be written as ∫ 𝑒−𝑥2∞

0
 𝑑𝑥 =  ∫ 𝑒−𝑥21

0
 𝑑𝑥 + ∫ 𝑒−𝑥2∞

1
 𝑑𝑥 

The first integral in the right hand side ∫ 𝑒−𝑥21

0
 𝑑𝑥 is proper integral.  So it is enough to 

check the second one. 

We have that, 

𝑥 ≥ 1 

𝑥2 ≥ 𝑥 

−𝑥2 ≤ −𝑥 

𝑒−𝑥2
≤  𝑒−𝑥 

∫ 𝑒−𝑥2
∞

1

 𝑑𝑥 ≤  ∫ 𝑒−𝑥
∞

1

 𝑑𝑥  

                                    = lim
𝑏→∞

∫ 𝑒−𝑥𝑏

1
 𝑑𝑥       = lim

𝑏→∞
[−𝑒−𝑥]1

𝑏 

= lim
𝑏→∞

[𝑒−1 − 𝑒−𝑏] 

= [𝑒−1 −  0] =  
1

𝑒
 

Hence by comparison test the given integral is convergent. 

                                                  

 

 


